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n−0$/ P (/ 2!" J&,'(%"+/ )*+," E3 () %"2"7# (/"% >5 (2) n L"72(,")
v1, . . . , vn

$(/"% >5 2!" $7("/2"% "%0")
ej = vj+1 − vj en = v1 − vn  1
*$'50$/ () )+(% 2$ > " %"0"/"7+2" (? (2 '(") $/ + '(/"  "2 Pn >" 2!" )*+,"
$? +''
n−0$/) (/ E3.  S$ *$'50$/) P = (e1, . . . , en) +/% Q = (ε1, . . . , εn)
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2!+2
g(ei) = εi, 1 ≤ i ≤ n. "2 r = (r1, . . . , rn) ∈ Rn+,
2!" # $%&'( )*+,"
Mr
() %"/"% 2$ > " 2!" )*+," $?
n−0$/) S (2! C"% )(%" '"/02!) r1, . . . , rn
7")* ",2(L"'5 #$%&'$ ()$# "27(") +) +> $L" 
.",+&)" Pn () 2!" )*+," $? * $'50$/) $? n )(%") (/ 2!" J&,'(%"+/ )*+,"
S (2!$&2 C (/0 2!" '"/02!)  S" ,+/ $>)"7L" 2!+2 2!" 07$&*
R+
+,2) $/ Pn
>5 ),+'(/0 +/% 2!() (/%&,") +/ ()$# $7*!()#
Mr ∼= Mλr ?$7 "+,! λ (/ R+.
M$7"$L"7  +')$ 2!" 07$&*
Sn
$? * "7#&2+2($/) $/
n
"'"# "/2) +,2) $/ Pn >5
* "7#&2(/0 2!" $7%"7 $? 2!" "%0")  +/% 2!() (/%&," +/ ()$# $7*!()# >"2S""/
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Mσ(r)
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,$*(") $? )*!"7") () +
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/$/
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(Sr, ω) () + )5#*'",2(, # +/(?$'%   !" 07$&* SO(3) +,2)
%(+0$/+''5 $/ Sr $7  "K&(L+'"/2'5 (%"/2(?5 (/0 2!" )*!"7" S2rj
S (2! +
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,$+%

$(/2 $7>(2  $/ "+,! )*!"7" 2!"
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+,2($/ () 2!" ,$+%

$(/2 $/"  !"
,!$(," $? +/ (/L+7(+/2 (//"7 *7$%&,2 $/ 2!" 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+/ (%"/2(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so(3)∗ ' R3 >"2S""/ 2!" %&+' $? so(3) +/% R3. F$  $/ "+,!
)(/0'" )*!"7"
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2!" # $#"/2 # +* +))$ ,(+2"% 2$ 2!" ,$+%

$(/2 +,2($/ () 2!"
(/,'&)($/ $?
S2rj
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2 ?$''$S ) 2!+2 2!" %(+0$/+' +,2($/ $?
SO(3)
$/ Sr ()
)2('' 
 +# ('2$/(+/ +/%  >5 '(/"+7(25 !+) # $#"/2 # +*
µ : Sr → R3
~e = (e1, . . . , en) 7→ e1 + · · ·+ en.
 !" '"L"' )"2
µ−1(0) := M˜r = {~e = (e1, . . . , en) ∈ Sr :
∑n
i=1 ei = 0}
() +
)&># +/(?$'% $? Sr >",+&)" 0 () + 7"0&'+7 L+'&" ?$7 µ.
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M˜r = Pn.  !" "C ()2"/," $? +/ ()$# "275 g )&,! 2!+2 g~e = ~ε
() "K&(L+'"/2 2$ 2!" "C ()2"/," $?
A ∈ SO(3) )&,! 2!+2 A~e = ~ε.  !&) 2!"
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M˜r/SO(3)
() 2!" # $%&'( )*+,"
Mr
$?
n−0$/) $? C"%
  9 


ﬀ  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() 7"+'("% +) 2!" )5#*'",2(, K&$2("/2
Sr/SO(3)  " +')$ *$(/2 $&2 2!+2 2!" "C ()2"/," $? %"0"/"7+2" * $'50$/) (/ Mr
27+/)'+2") 2!" "C ()2"/," $? + *+72(2($/
I1 = {i1, . . . , is} +/% I2 = {is+1, . . . , in}
$? {1, . . . , n} )&,! 2!+2 ri1 + . . . + ris − ris+1 − · · · rin = 0.
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47",()"'5 2!"5 *7$L"% 2!+2
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() + ,$#*'"C +/+'52(, )*+," S (2! ()$'+2"%
)(/0&'+7(2(") ,$77")*$/%(/0 2$ 2!" %"0"/"7+2"
n=
0$/) (/
Mr,
+/% 2!")" )(/0&
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'+7(2(") +7" "K&(L+'"/2 2$ !$#$0"/"$&) K&+%7+2(, ,$/") 
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ﬃ
ﬂ 
>)"7L" 2!+2 ?$7
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〈u, v〉 =∑nj=1 1rj 〈uj, vj〉S
ω(u, v) =
∑n
j=1〈 ejr2j , uj ∧ vj〉S
J(u) = ( e1
r1
∧ u1, . . . , enrn ∧ un)
S!"7" 〈 , 〉S () 2!" )2+/%+7% ),+'+7 *7$%&,2 (/ R3) +7" SO(3)=(/L+7(+/2  +/%
%"2"7# (/" 2$ +/ (//"7 *7$%&,2 〈 , 〉,  + )5#*'",2(, ?$7# ω  +/% + ,$#*'"C
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n−0$/ +/% µk (2) k=2! %(+0$/+'  ( "  µk = e1 + · · · +
ek+1.
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M$7" ?$7# +''5 '"2
~e = (e1, . . . , en) ∈ M˜r +/% +) > "?$7" '"2 µk > " (2) k=2!
%(+0$/+'  2!" ?&/,2($/
fk(~e) =
1
2
‖µk‖2 () SO(3)−(/L+7(+/2  +/% 2!&) S ('' > "
(%"/2("% S (2! 2!" ?&/,2($/ (2 (/%&,") $/ 2!" K&$2("/2 )*+,"
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+))$ ,(+2"% 2$ 2!" ?&/,2($/
fk.

 
-
ﬂ

$7 +''
k
+/%
l
2!" ?&/,2($/)
fk
+/%
fl
4$())$/
=
,$##&2"  ( " 
{fk, fl} = 0.
 !" 
 +# ('2$/(+/ $S
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dei
dt
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n=0
(adu)n
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exp(adu)
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ϕtk(P )
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M  2!+2 2!() )5)2"# () ,$#*'"2"'5 (/2"07+>'" +/% (/27$%&,"% $/
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U2
+,2 >5 7(0!2 #&'2(* '(,+2($/ $/ 2!"
# +/(?$'% M2×n(C) $? n × 2 ,$#*'"C # +27(,")  2!() +,2($/ () 
 +# ('2$/(+/
S (2! +))$,(+2"% #$#"/2 # +*
µU2 :M2×n(C) → u(2)∗
A 7→ iA∗A
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 !" F2("?"' # +/(?$'% $? $72!$/$7
=
# +' - ?7+# ") (/
Cn,
%"/"% +) ?$''$S )
St2,n =
{
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∑n
i=1 ri = p}.

7$# 2!" (%"/2(,+2($/ $? 2!" > "/%(/0 $S ) S (2! 2!" 7")(%&+' 2$7&) +,2($/
,$# (/0 ?7$# 2!" 6"' N?+/%	E"2'(/ )5)2"# 


 VD 2!"$7"# 8 -  
+&)# +//
+/% /&2)$/ *7$L" 2!+2 2!" +,2($/ ,$$7%(/+2")
`1, . . . , `n−3
)+2()?5 2!" )5)2"#


ri+2 ≤ `i + `i+1
`i ≤ ri+2 + `i+2
`i+1 ≤ ri+2 + `i
ﬃﬃ
S!"7"  ?$''$S (/0 $&7 /$2+2($/ 
`i
() 2!" '"/02! $? 2!"
i=
2! %(+0$/+'  ( " 
`i(~e) =
|e1 + . . .+ en−3|.
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
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(1.1) ⇐⇒
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
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A : y = |r4 − r5|
B : y = r4 + r5
C : x = |r1 − r2|
D : x = r1 + r2
y = x+ r3
y = −x+ r3
y = x− r3
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∆
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r1 < r2
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(/ 2!" "C+#*'" +) (/ 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()
AC < A2 < AD < A3
S!(,!  7"+% $/ 2!"
x=
,$ $7%(/+2")  () 2!" ?$''$S (/0 )5)2"# $? (/"K&+'(2(")



−r1 + r2 < r3 + r4 − r5
r3 + r4 − r5 < r1 + r2
r1 + r2 < r3 − r4 + r5.
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'(/")
B, C
+/%
D.
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",2($/ $?
St2,n
$/ 2!" $7>(2 )*+,"
St2,n/U2.
1/ "'"# "/2
(a, b) ∈ St2,n )&,! 2!+2 p(a, b) ∈ µ−1
Un
1
(r)
)+2()") |a`|2 + |b`|2 = ri
?$7 "+,!
i
  !&) 2!" ,$&*'" $? ,$#*'"C /&#>"7)
(ai, bi)
,+/ > " 2!$&0!2 +) +/
"'"# "/2 $? 2!" 3
=
%(# "/)($/+' )*!"7"
S3√r`
+/% )$
p−1(µ−1
Un1
(r)) ↪→
n∏
`=1
S3√r` .
O",+'' 2!+2 2!" 3
=
)*!"7" ,+/ >" (%"/2("% S (2! 2!" 07$&* $? &/(2 K&+2"7/($/)
U1(H);
S!"7" S" %"/$2" >5
H := C⊕ iC > " 2!" "'% $? K&+2"7/($/) +/% 2!"
)*+,"
IH
$? *&7" (# +0(/+75 K&+2"7/($/) () "K&(** "% S (2! 2!" )2+/%+7% >+)()
i, j, k.
 !" 
$*? # +*
H : H → IH #+*) q (/2$ q¯iq; S" +7" &)(/0 2!" /$2+2($/
$? 
 +&)# +//	/&2)$/ 


 VD  /$2 2!" $7(0(/+' $/" (/27$%&,"% >5 
$*?  
H
#+*) 2!"
3=
)*!"7" $? 7+%(&) √
r`
(/
H
$/2$ 2!" -
=
)*!"7" $? 7+%(&)
r`
(/
IH,
*7",()"'5 ?$7
q = a` + ib`, a`, b` ∈ C, 2!"/
H(a`, b`) = i [(|a`|2 − |b`|2) + 2a¯`b`j].
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7$# /$S $/ S" S ('' +')$ (%"/2(?5
H(a`, b`)
S (2! 2!" "'"# "/2
(|a`|2 −
|b`|2, 2O"(a¯`b`), 2 #(a¯`b`)) ∈ R3.
F$ 2!" +**'(,+2($/
Hn :
∏
` S
3√
rl
→ ∏` S2r`
(a, b) 7→ (H(a1, b1), . . . , H(an, bn))
#+*) 2!" )&>#+/(?$'%
p−1(µ−1
Un
1
(r))
$/2$
M˜r = {(e1, . . . , en) ∈
∏
` S
2
r`
:
∑
i ei =
0}.
 !&) 2!" $7>(2 )*+," $? 2!" 7")(%&+'
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
66 VU +/%

66 @- +/% 2$ F  M+72(/ 
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(? +/% $/'5 (?
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
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
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S1




ﬂ


Xk, k = 1, . . . , N,
   
 
 
  

 
 
  


 
MS
1
.
ﬃ
 
M ∼
N∐
k=1
Bk,
 
Bk 
 



 	
Xk





CPmk , mk = codimCXk.
 
2 () +')$ *$))(>'" 2$ %"),7(> " 2!" "K&(L+7(+/2 $7>(?$'% ,$> $7%()# ,'+))
$?
M
S!"/ 2!"
S1
+,2($/ () /$2 K&+)(
=
?7"" +/%
MS
1 () /$2 /(2"   / 2!()
I
9    :
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Mr
#$7" 0"/"7+' ,+)" + 7")&'2 )(# ('+7 2$ - ﬃ- !$'%)  >&2 2!" >7+2($/) $L"7 2!"
,$//",2"% ,$#*$/"/2) $?
MS
1 !+L" /$S > "7) S!(,! +7" 2S ()2"% *7$ ",2(L"
)*+,") 
           
 
/ '(0!2 $? 2!" 7")&'2) *7")"/2"% (/ 2!" *7"L($&) )",2($/ S" (/L")2(0+2" 2!"
)"2 $? C"% *$(/2) ?$7 + > "/%(/0 +,2($/  "2
β
>" 2!" +,2($/ $?
S1
$/
Mr
>5
> "/%(/0 +'$/0 2!"
n− 3 %(+0$/+' µ(n−3) = e1 + e2 + · · ·+ en−2, ( " 
β : S1 ×Mr → Mr
(t, [(e1, . . . en)]) 7→ [(exp(tadµ
(n−3)
)e1, . . . , exp(tadµ
(n−3)
)en−2, en−1, en)].
 !" +,2($/
β
() K&+)(
=
?7""  (/ ?+,2 2!" )2+>('("7) $? *$(/2) +7" ,$//",2"% 2!"5
+7"
S1
?$7 C"% *$(/2)  {0} $2!"7S ()" 
1 *$(/2
P ∈Mr () C"% >5 β (? (2 () $? $/" $? 2!" ?$''$S (/0 2S$ 25*") 

 

[P ] = [~e], e1, . . . , en−2
+7" ,$''(/"+7 +) (/ 0&7" - ﬃ
e1 e2
en−2
en−1
en

(0&7" - ﬃ


(C "% * $(/2 $? 25* "
 
 
/ 2!() ,+)" 2!" +,2($/
β
C") /$2

&)2
[P ]
>&2 +')$ "+,! 7"*7")"/2+2(L" 

   

[P ] = [~e], en−1, en
+7" ,$''(/"+7 +) (/ 0&7" - - 
 
/ 2!() ,+)" 2!" +,2($/
β
,!+/0") 2!" 2!" 7"*7")"/2+2(L"
~e
>&2 /$2 2!"
SO(3)
,'+)) 
 !" C"% *$(/2) )"2
MS
1
r
() 2!"/ 2!" %()

$(/2 &/($/ $? 2!" )"2)
(MS
1
r )isol
$?
C"% *$(/2) $? 25* "
 
+/%
(MS
1
r )subm
$? C"% *$(/2) $? 25* "
   
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
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9     9 
R
e1
e2
en−1
en

(0&7" - -


(C"% * $(/2 $? 25* "
   

 
D
ﬂ
 
2 () /$S *$))(> '" 2$ 0(L" + 0"$# "27(, (/2"7*7"2+2($/ $? 2!" /$2($/
$? +%# ())(> ('(25 ?$7 +/ (/%"C )"2
I
(/27$%&,"% (/ - ﬃ
"2 &) ,$/)(%"7 + C"% *$(/2 $? 25* "
 
 > ",+&)"
P
() * '+/+7 (2 () /$2
7")27(,2(L" 2$ +))&# " (2 '(") (/ 2!" *'+/"
(x, y).
M$7"$L"7  '"2 &) +))&#" 2!+2
2!" ,$$7%(/+2" +C ()
x
() $7("/2"% +) 2!"
(n − 3)=% (+0$/+' µ(n−3) := µ, 2!"/
2!" 27(+/0'" (/ 0&7" - ﬃ !+) )(%" '"/02!)
rn, rn−1,
+/%
∑
εiri
S!"7"
ε1 = 1
(?
ei =
ri
‖µ‖µ, εi = − ri‖µ‖µ.
 !"/ 2!" (/%"C )"2
I
,$&/2) 2!" /&#>"7 $? ?$7S+7%
27+,)  $7  #$7" ?$7# +''5 (?
` = |I|, 2!"/
` = ]{ej/ej · µ > 0}
+/% 2!" (/"K&+'(2(") (/ )5)2"# - ﬃ +7"

&)2 2!" 27(+/0'" (/"K&+'(2(")  F$
I
()
+%# ())(> '" (? +/% $/'5 (? 2!" 27(+/0'" $? )(%" '"/02!)
rn, rn−1,
+/%
∑
εiri
+)
(/ 0&7" - ﬃ ,'$)") 
 
?
[P ]
() + C"% *$(/2 $? 25* "
  
2!"/
[P ] ∈ Xk, Xk )&>#+/(?$'% $? C"%
*$(/2) 
 
/ *+72(,&'+7
Xk
() 2!" )*+," $? *$'50$/) $?
n − 1 )(%") Mr¯, S (2!
r¯ = (r1, . . . , rn−2,±rn−1 ± rn) ∈ Rn−1+ .
 !" )(0/ ± +7" %"2"7# (/"% +,,$7%(/0
2$ 2!" $7("/2+2($/ $? 2!" "%0")
en−1
+/%
en
  !"/
codimCXk = 1,
)$  ?$7
- ﬃ- 
Xk
,$/27(>&2") 2$ 2!" ,$>$7%()# $?
Mr
S (2! 2!" 2$2+' )*+,"
Bk
$?
+ >7+2($/ $/
Xk
S (2! >"7
CP1.
 !() (#*'5 2!+2
Bk ∼ 0 >",+&)" (2 ()
2!" > $&/%+75 $? +/ +))$,(+2"% >7+2($/
B˜k
$/
Xk
S (2! >"7 2!" %()
D
(δD = S2 ' CP1.

(C "% *$(/2) $? 25* "
 
+7" (/)2"+% ()$'+2"% +/% )$ ?7$# 2!"$7"# - ﬃﬃ
  9    :
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Mr
,$/27(>&2" 2$ 2!" ,$>$7%()# ,'+)) $?
Mr
S (2! + ,$*5 $?
CPn−3.
 !" $7("/2+2($/
$? 2!() *7$

",2(L" )*+," ,$#") ?7$# 2!" 0"/"7+2$7 $? 2!" > "/%(/0 +,2($/ +/%
# +5 /$2 +07"" S (2! 2!" $7("/2+2($/ 2!+2
CPn−3
(/!"7(2) ?7$# 2!" )5#*'",2(,
)27&,2&7" $?
Mr.
 
/ ?+,2 ?$7 "+,!
[P ] ∈ (MS1r )isol
2!" )5#*'",2(, ?$7#
ω
$/
Mr
%"/") + ,$#*'"C )27&,2&7"
J
$/
T[P ]Mr
>5
ω[P ](u, v) = g(u, Jv),
S!"7"
g
() + O ("# +//(+/ #"27(, $/
R3n.
 !" > "/%(/0 +,2($/ %"/") 2$$ +
,$#*'"C )27&,2&7" $/
T[P ]Mr :
%( "7"/2(+2(/0
β
(/
(θ, [P ])
+/% L+'&+2(/0 (2 (/
1 ∈ R ' Lie(S1) S" $>2+(/ +/ "/%$#$7*!()# $? T[p]Mr +/% 2!() %"/" +')$
+
S1=
+,2($/ 2!" '(/"+7 ()$27$*5 +,2($/  $/
T[p]Mr :
d[P ]β : S
1 → End(T[p]Mr)
θ 7→ d(θ,[P ])β(1)
&/%"7 S!(,!
T[p]Mr
%",$#*$)" (/ 2!" %(7",2 )&#
T[p]Mr =
⊕
w∈Z
Vw
)$ 2!+2 $/ "+,!
Vw
2!"
S1=
+,2($/ ()  #&'2(* '(,+2($/ >5
eiwθ
  2!"
w
N) +7" 2!"
()$27$*5 S"(0!2) +/%  >",+&)" 2!" +,2($/ () )"# (
=
?7"" ?$7
S1=
+,2($/) K&+)(
=
?7""
+/% )"# ( ?7"" +7" "K&(L+'"/2  2!"5 +7"
0
$7 ±1.  !" %( "7"/2(+' $? d[P ]β
A =
d
dθ
(
d[P ]β
)
|=0(1) : T[p]Mr → T[p]Mr
() 2!" 0"/"7+2$7 $? 2!" > "/%(/0 +,2($/ /$2" 2!+2 $/ "+,!
Vw, A
() 2!" #&'2(
=
* '(,+2($/ >5
iw
 
 $ %"2"7# (/" 2!" ,$> $7%()# ,'+)) $?
Mr
S" S ('' ,+',&'+2" 2!" $7("/2+2($/
2!+2
A
(/%&," $/ 2!" *7$

",2(L" )*+,")
CPn−3.
 !" *7$$? S ('' 0$ +) ?$''$S )

 7)2 S" S ('' ,+',&'+2"
Aˆ =
d
dθ
(
d~eβˆ
)
|=0(1) : T~eM˜r → T~eM˜r
S!"7"
βˆ
() 2!" > "/%(/0 +,2($/ $/ 2!" '"L"' )"2
M˜r = {~e ∈
∏n
j=1 S
2(rj)/e1 +
. . .+ en = 0}, ( " 
βˆ : S1 × M˜r → M˜r
(t, (e1, . . . en)) 7→ (exp(tadµ
(n−3)
)e1, . . . , exp(tadµ
(n−3)
)en−2, en−1, en).
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
 !"/ (%"/2(?5 (/0
T[P ]Mr
S (2! 2!" $72!$0$/+'
T⊥P (SO(3) ·P )
2$ 2+/0"/2 )*+,"
2$ 2!"
SO(3)
$7>(2 2!7$&0!
P
(/
M˜r
S" S ('' *7$

",2
Aˆ
$/
T[P ]Mr
+/% S 7(2"
"C*'(,(2'5
A.

(/+''5 S" S ('' L"7(?5 2!+2
A
() + ,$#*'"C )27&,2&7" +/% ,$#*+7"
(2 S (2!
J
>5 ,!", (/0 S!"/ +
J =
* $)(2(L" >+)() $?
TPMr
() +')$
A=
* $)(2(L" 

 
T
ﬂ 
>)"7L" 2!+2
Aˆ
() S"'' %"/"% > ",+&)" (?
P = [~e]
() + C"% *$(/2
$? 25* "
 
2!"/
~e
() + C"% *$(/2 ?$7
βˆ
( " 
β
C") "+,! 7"*7")"/2+2(L" $? 2!"
,'+))  /$2

&)2 2!" ,'+)) 
 c c  dgighn elg ibg okn xg fihvoivhg
A




	< 

Aˆ : TP M˜r → TPM˜r
 !" +,2($/
βˆ
%"),7(> "% +>$L" )2('' > "/%) 2!"  7)2
(n−2) )(%") $? + * $'50$/
+'$/0 (2)
(n−3)=% (+0$/+'  1/ "'"# "/2 $? TP M˜r () $? 2!" ?$7# ddε(P +εQ)|ε=0

P+εQ = (e1+εv1, . . . , en+εvn).
"2
µ
> " 2!"
(n−3)=% (+0$/+' $? 2!" * $'50$/
P
 ( " 
µ = e1 + . . . + en−2
 +/%
ν
> " 2!"
(n − 3)=% (+0$/+' $? P + εQ  ( " 
ν =
∑n−2
i=1 ei + ε
∑n−2
i=1 vi := µ + εξ.
$S $/  S!"/
~v
() &/%"7)2$ $%  S" S (''
S 7(2"
ξ
?$7
ξ(~v) =
∑n−2
i=1 vi.
"2
Rε
> " 2!" 7$2+2($/ 2!+2 2+"
ν
$/ 2!"
x=
+C () +/% '"2
bθ
2!" 7$2+2($/ $?
+/0'"
θ
+7$&/% 2!"
x=
+C ()   !" > "/%(/0 +,2($/
βˆ
,+/ >" %"),7(> "% (/ 2"7# )
$?
Rε
+/%
bθ
 *7",()"'5

βˆ(P + εQ) = (. . . , R−1ε bθRε(ej + εvj), . . . , en−1 + εvn−1, en + εvn).
F$
Aˆ : TP M˜r → TP M˜r
v 7→ Aˆ(v)
S (2!
Aˆ(v) =
d
dθ |θ=0
d
dε |ε=0
(. . . , R−1ε bθRε(ej + εvj), . . . , en−1 + εvn−1, en + εvn).

 
V
ﬂ
" S ('' &)" 2!" /$2+2($/
j ∧ k ?$7 2!" # +27(C


0 0 0
0 0 −1
0 1 0

 $?
2!" 7$2+2($/ +7$&/% 2!"
x=
+C () 
 
/ 0"/"7+'  ?$7
u1, u2
(/
R3, u1 ∧ u2 () 2!"

9    :
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Mr
7$2+2($/ S!(,! 2+")
u1
$/
u2,
( " 
(u1 ∧ u2)(v) = 〈u1, v〉u2 − 〈u2, v〉u1 ∀v ∈ R3.
	

ﬁ

9  9    
d
dθ |θ=0
( d
dε |ε=0
R−1ε bθRε(ej + εvj)
)
= −〈µ, ej〉‖µ‖2 j ∧ k(ξ) + j ∧ k(vj).


ﬂ  
)(/0 2!" /$2+2($/ +) (/ 7"# +7 V 2!" 7$2+2($/
Rε
()
exp(−Θ µ∧εξ‖µ‖‖εξ‖ ),
S!"7" 2!" +/0'" $? 7$2+2($/ ()
Θ = ‖εξ‖‖µ‖ ,
+/%
bθ
()
exp(θj ∧ k).  !" 7)2 $7%"7
 +5'$7 "C*+/)($/) $?
R−1ε , Rε
+/%
bθ
+7"
R−1ε = id+ ε
µ ∧ ξ
‖µ‖2 + o(ε), Rε = id− ε
µ ∧ ξ
‖µ‖2 + o(ε), bθ = id+ θj ∧ k + o(θ).
F$
d
dε |ε=0
R−1ε bθRε(ej+εvj) =
[µ ∧ ξ
‖µ‖2 bθ(ej+εvj)−bθ
µ ∧ ξ
‖µ‖2 (ej+εvj)+bθvj
]
|ε=0
=
µ ∧ ξ
‖µ‖2 bθej − bθ
µ ∧ ξ
‖µ‖2 ej + bθvj.
$S
d
dθ |θ=0
d
dε |ε=0
R−1ε bθRε(ej + εvj) =
d
dθ |θ=0
(µ ∧ ξ
‖µ‖2 bθej − bθ
µ ∧ ξ
‖µ‖2 ej + bθvj
)
=
µ ∧ ξ
‖µ‖2 j ∧ k(ej)− j ∧ k
µ ∧ ξ
‖µ‖2 (ej) + j ∧ k(vj) =
µ ∧ ξ
‖µ‖2 (〈j, ej〉︸ ︷︷ ︸
=0
k − 〈k, ej〉︸ ︷︷ ︸
=0
j)− j ∧ k‖µ‖2 (〈µ, ej〉ξ − 〈ξ, ej〉︸ ︷︷ ︸
=0
µ) + j ∧ k(vj) =
−〈µ, ej〉‖µ‖2 j ∧ k(ξ) + j ∧ k(vj).
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F$
Aˆ : TP M˜r → TP M˜r
v 7→ (Aˆ1(v), . . . , Aˆk(v), 0, 0) = Aˆ(v),
S!"7"
Aˆj(v) = −〈µ, ej〉‖µ‖2 j ∧ k(ξ) + j ∧ k(vj).
- A 
 !"/ 2!" L",2$7
v
S ('' > " ,'"+7 S" S ('' S 7(2"
Aˆ
?$7
Aˆ(v),
+/%
Aˆj
?$7
Aˆj(v).
ﬁﬁﬀ
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Mr = M˜r
/
SO(3)
 !" +,2($/ $?
SO(3)
$/
M˜r
+''$S ) &) 2$ %",$#*$)" 2!" 2+/0"/2 )*+," (/
P
+2
M˜r
+) ?$''$S )

TP M˜r = TP (SO(3) · P )⊕ T⊥P (SO(3) · P ).
 
2 () *$))(> '" 2$ (%"/2(?5
T⊥P (SO(3)·P )
S (2!
T[P ]Mr;
2$ *7$

",2
Aˆ
$/
T[P ]Mr '
T⊥P (SO(3) · P )
S" %"2"7# (/" +/ $72!$0$/+' >+)()
δ1, δ2, δ3
$?
Tp(SO(3) · P )
+/% 2!" *7$

",2($/
A
() 0(L"/ >5

A(v) = Aˆ(v)− 〈Aˆ(v), δ
1〉
‖δ1‖2 δ
1 − 〈Aˆ(v), δ
2〉
‖δ2‖2 δ
2 − 〈Aˆ(v), δ
3〉
‖δ3‖2 δ
3.
- 8
 !" 0"/"7+2$7) $? 2!"
SO(3)
+,2($/ +7" 2!" 7$2+2($/) +7$&/% 2!" +C")  F$
δˆ1 = (e1∧i, . . . , en∧i), δˆ2 = (e1∧j, . . . , en∧j), δˆ3 = (e1∧k, . . . , en∧k) %"/" +
>+)() $?
Tp(SO(3) ·P ).  !() >+)" (/ 0"/"7+' () /$2 $72!$0$/+' S (2! 7")* ",2 2$
2!" # "27(, +))$,(+2"% 2$ 2!" )5#*'",2(, )27&,2&7" +/% S" S ('' $72!$/$7# +'("
(2 &)(/0 2!" 67+#
=
F,!# (%2 ?$7#&'+  F$  (/ $7%"7 2$ S 7(2" "C*'(,(2'5 2!" >+)()
δˆ1, δˆ2
+/%
δˆ3
$? 2!"
SO(3)=
$7>(2 27$&0!
P
(/
M˜r
'"2 &) C + 7"*7")"/2+2(L"
~e
(/
[P ].
1) > "?$7"  7"# +7 D '"2 &) +))&#" 2!+2
~e
'(") (/ 2!"
(x, y)=
* '+/"
+/% '"2 2!"  7)2
e1, . . . , en−2
"%0") '(" $/ 2!"
x=
+C () 
 
/
[P ]
2!"7" +7" 2S$
*$'50$/) S (2! 2!")" *7$* "72(")  $/" )&,! 2!+2
µ = ‖µ‖i +/% 2!" $2!"7 )&,!
2!+2
µ = −‖µ‖i. "2 ~e = P > " 2!" *$'50$/ )&,! 2!+2 µ = ‖µ‖i 2!() ()
"K&(L+'"/2 2$ 7"K&(7"
∑
εiri > 0
+) (/ %"/(2($/ - ﬃ    !")" +))&#*2($/)
+7" /$2 7")27(,2(L"  "2 &) +')$ +))&# " 2!+2 2!"  7)2
`
"%0") +7" $7("/2"% +)
2!"
x=
+C ()  ( " 
ei = (ri, 0, 0), ∀i = 1, . . . , `,
9  9    :
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Mr
+/% 2!+2 2!" ?$''$S (/0
(n− 2− `) "%0") +7" ,$/L"7)"'5 $7("/2"%  ( " 
ei = (−ri, 0, 0) ∀i = `+ 1, . . . , n− 2.
 !() +))&#*2($/ () (/)2"+% 7")27(,2(L"  S" +7" (/ ?+,2 ,!$$)(/0 + *+72(,&'+7
,'+))
[P ];
2!() +))&#*2($/ () &)"?& ' (/ $7%"7 2$ ""* 2!" /$2+2($/ #$7" ,$#
=
*+,2  " S ('' )+5 )$#" #$7" S$7%) +> $&2 S!+2 !+**"/ (? S" ,$/)(%"7 +/$2!"7
,'+)) (/ 7"# +7 ﬃA 
e1 e2 e`
e`+1en−2
en−1
en
αθ

(0&7" - 3

2$5 #$%"' ?$7
[P ]
C"% *$(/2 $? 25* "
 
 
/%"7 2!")" +))&#*2($/) 2!" *$'50$/
P
() +) (/ 0&7" - 3 2!" "%0")
en
+/%
en−1
+7"
en = (−rncosθ,−rnsinθ, 0), en−1 = (−rn−1cosα, rn−1sinα, 0).
" ,+/ "C*7"))
cosα
+/%
sinα
(/ ?&/,2($/ $?
θ, rn−1
+/%
rn
+) ?$''$S )

sinα =
rn
rn−1
sinθ, cosα =
‖µ‖ − rncosθ
rn−1
.
 
2 () /$S "+)5 2$ %"2"7# (/" 2!" L",2$7)
δˆ1, δˆ2
+/%
δˆ3.
ei ∧ i = 0 ∀i = 1, . . . , n− 2.
en−1 ∧ i = (−rn−1cosα, rn−1sinα, o) ∧ (1, 0, 0) = −rn−1sinα k.
en ∧ i = (−rncosθ,−rnsinθ, 0) ∧ (1, 0, 0) = rnsinθ k.
F$
δˆ1 = (0, . . . , 0,−rn−1sinα k, rnsinθ k).
ei ∧ j = ri k ∀i = 1, . . . , `
ei ∧ j = −ri k ∀i = 1, . . . , `
en−1 ∧ j = (−rn−1cosα, rn−1sinα, o) ∧ (0, 1, 0) = −rn−1cosα k.
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en ∧ j = (−rncosθ,−rnsinθ, 0) ∧ (0, 1, 0) = −rncosθ k.
F$
δˆ2 = (r1 k, . . . , r` k,−r`+1 k, . . . ,−rn−2 k,−rn−1cosα k,−rncosθ k).
ei ∧ k = −ri j ∀i = 1, . . . , `
ei ∧ k = ri j ∀i = 1, . . . , `
en−1 ∧ k = (−rn−1cosα,+rn−1sinα, o) ∧ (0, 0, 1) = rn−1sinα i + rn−1cosα j.
en ∧ k = (−rncosθ,−rnsinθ, 0) ∧ (0, 0, 1) = −rnsinθ i+ rncosθ j.
F$
δˆ3 = (−r1k, . . . ,−r`k, r`+1k, . . . , rn−2k, rn−1sinαi+rn−1cosαj,−rnsinθi+rncosθj).

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Tp(SO(3) · P ) " /$S +**'5 67+#=F,!# (%2
2$ >&('2 + $72!$0$/+' >+)() {δ1, δ2, δ3} ?7$# {δˆ1, δˆ2, δˆ3}.

 
ﬃ@
ﬂ
 !" ),+'+7 *7$%&,2 $/
TP M˜r
() 〈u, v〉 = ∑ni=1 1ri 〈ui, vi〉S S!"7"
〈·, ·〉S () 2!" )2+/%+7% ),+'+7 *7$%&,2 (/ R3.

? ,$&7)" ‖δi‖2 S ('' > " 2!" (//"7
*7$%&,2 〈δi, δi〉.
δ1 := δˆ1,
+/%
δ2 := δˆ2 − 〈δˆ2,δ1〉〈δ1,δ1〉δ1.
$S 
〈δˆ1, δˆ2〉 = rn−1cosαsinα− rncosθsinθ =
rnsinθ
‖µ‖ − rncosθ
rn−1
− rncosθsinθ =
‖µ‖rnsinθ − r2nsenθcosθ − rn−1rncosθsinθ
rn−1
=
rnsinθ(‖µ‖ − cosθ(rn−1 + rn))
rn−1
.
+/%
〈δˆ1, δˆ1〉 = rn−1sin2α+ rnsin2θ = r
2
n
rn−1
sin2θ + rnsin
2θ =
rn
rn−1
sin2θ(rn−1 + rn).
99 9    :
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F$
〈δˆ1, δˆ2〉
〈δˆ1, δˆ1〉
=
‖µ‖ − cosθ(rn−1 + rn)
sinθ(rn−1 + rn)
.
 !&)
δ2 =
(
r1k, . . . , r`k,−r`+1k, . . . ,−rn−2k,
(−(‖µ‖rnsinθ) + ‖µ‖ − cosθ(rn−1 + rn)
sinθ(rn−1 + rn)
rnsinθ)k,
(−rncosθ − ‖µ‖ − cosθ(rn−1 + rn)
sinθ(rn−1 + rn)
rnsinθ)k
)
=
(
r1k, . . . , r`k,−r`+1k, . . . ,−rn−2k,− rn−1‖µ‖
rn−1 + rn
k,− rn‖µ‖
rn−1 + rn
k
)
.
δ3 := δˆ3 − 〈δˆ3,δ1〉〈δˆ1,δˆ1〉 δˆ1 −
〈δˆ3,δ2〉
〈δ2,δ2〉δ
2.
" ,+/ $>)"7L" 2!+2 〈δˆ3, δ1〉 = 0 +/% +')$ 〈δˆ3, δ2〉 = 0.
 $ )&##+7("  +/ $72!$0$/+' >+)() $?
Tp(SO(3) · P ) () 0(L"/ >5 
δ1 = (0, . . . , 0,−rnsinθk, rnsinθk),
δ2 = (r1k, . . . , r`k,−r`+1k, . . . ,−rn−2k,− rn−1‖µ‖
rn−1 + rn
k,− rn‖µ‖
rn−1 + rn
k),
δ3 = (−r1k, . . . ,−r`k, r`+1k, . . . , rn−2k, rnsinθi + (‖µ‖ − rncosθ)j,
−rnsinθi + rncosθj).
:


A(v)
O",+'' 2!+2
A(v) = Aˆ(v)− 〈Aˆ(v),δ1〉‖δ1‖2 δ1 − 〈Aˆ(v),δ
2〉
‖δ2‖2 δ
2 − 〈Aˆ(v),δ3〉‖δ3‖2 δ3,
S!"7"
Aˆ(v)j = −〈µ, ej〉‖µ‖2 j ∧ k(ξ) + j ∧ k(vj) =
(
− 〈µ, ej〉‖µ‖2 〈j, ξ〉+ 〈j, vj〉
)
k +
(〈µ, ej〉
‖µ‖2 〈k, ξ〉 − 〈k, vj〉
)
j ∀j = 1, . . . , n− 2,
+/%
Aˆ(v)j = 0
(?
j = n− 1, n. "2 εj %"/$2" 2!" %(7",2($/ $? ej , ( " 
εj =
{
1, j = 1, . . . , `
−1 j = `+ 1, . . . , n− 2;
9  9
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 
2 () )27+(0!2?$7S+7% 2$ L"7(?5 2!+2 〈Aˆ(v), δ1〉 = 0;
〈Aˆ(v), δ2〉 =
k∑
j=1
εj
(
− 〈µ, ej〉‖µ‖2 〈j, ξ〉+ 〈j, vj〉
)
=
l∑
j=1
(
− rj‖µ‖〈j, ξ〉+ 〈j, vj〉
)
−
k∑
j=l+1
( rj
‖µ‖〈j, ξ〉+ 〈j, vj〉
)
;
)(# ('+7'5
〈Aˆ(v), δ3〉 =
k∑
j=1
(−εj)
(
− 〈µ, ej〉‖µ‖2 〈k, ξ〉+ 〈k, vj〉
)
=
−
l∑
j=1
(
− rj‖µ‖〈k, ξ〉+ 〈k, vj〉
)
+
k∑
j=l+1
( rj
‖µ‖〈k, ξ〉+ 〈k, vj〉
)
F$  ?$7 "+,!
v ∈ T[P ]Mr 2!" ,$#*$/"/2) $? A(v) +7" 
A(v)j =
(
− rj‖µ‖〈j, ξ〉+ 〈j, vj〉 −
〈Aˆ(v), δ2〉
‖δ2‖2 rj
)
k+
( rj
‖µ‖〈k, ξ〉 − 〈k, vj〉+
〈Aˆ(v), δ3〉
‖δ3‖2 rj
)
j,
?$7
j = 1, · · · , `;
A(v)j = (
rj
‖µ‖〈j, ξ〉+ 〈j, vj〉+
〈Aˆ(v), δ2〉
‖δ2‖2 rj)k+
(
− rj‖µ‖〈k, ξ〉 − 〈k, vj〉 −
〈Aˆ(v), δ3〉
‖δ3‖2 rj
)
j,
?$7
j = `+ 1, · · · , n− 2;
A(v)
n−1 =
〈Aˆ(v), δ2〉
‖δ2‖2
rn−1‖µ‖
rn−1 + rn
k − 〈Aˆ(v), δ
3〉
‖δ3‖2 (rnsinθi + (‖µ‖ − rncosθ))j;
A(v)
n
=
〈Aˆ(v), δ2〉
‖δ2‖2
rn‖µ‖
rn−1 + rn
k − 〈Aˆ(v), δ
3〉
‖δ3‖2 (−rnsinθi + rncosθ)j;
9I
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T[P ]Mr
" !+L" +'7"+%5 )""/ 2!+2
T[P ]Mr
,+/ >" (%"/2("% S (2!
T⊥P (SO(3) · P ),
27$&0! 2!() (%"/2(,+2($/ (2 () *$))(>'" 2$ S 7(2" 2!" "K&+2($/) $?
T[P ]Mr
+) +
)&>)*+," $?
R3n,
S!(,! +7"

(
∑n
i=1 vi = 0,
((
ei · vi = 0 ∀i = 1, . . . , n,
(((
∑n
i=1
1
ri
(ei ∧ vi) = 0.
"2
ui = (0, . . . , 0, j︸︷︷︸
i
, −j︸︷︷︸
i+1
, 0, . . . , 0), i = 1, . . . , `− 1
uˆi = (0, . . . , 0, j︸︷︷︸
i
, −j︸︷︷︸
i+1
, 0, . . . , 0), i = `+ 1, . . . , n− 3
vi = (0, . . . , 0, k︸︷︷︸
i
, −k︸︷︷︸
i+1
, 0, . . . , 0), i = 1, . . . , `− 1
vˆi = (0, . . . , 0, k︸︷︷︸
i
, −k︸︷︷︸
i+1
, 0, . . . , 0), i = `, . . . , n− 3.
 !" L",2$7)
ui, uˆi, vi, vˆi
L"7(") 2!" ,$/%(2($/)
i), ii), iii),
)$ 2!"5 +7" (/
T[P ]Mr.

 
ﬃﬃ
ﬂ
1 L",2$7 $? 2!" ?$7#
(0, . . . , 0, j︸︷︷︸
`
, −j︸︷︷︸
`+1
, 0, . . . , 0)
S$&'% /$2
)+2()?5 ,$/%(2($/ ((( 
 
/ 2!" ,+)"
` = n − 2 2!" L",2$7) +> $L" +7" 2(n − 3) +/% +7" '(/"+7'5
(/%"* "/%"/2  )$ 2!"5 ?$7# + >+)() $?
T[P ]Mr.
 
? (/)2"+%
` 6= n − 2 2!"/ 2!" L",2$7) +> $L" +7" 2(n− 4) +/% (2 () /","))+75
2$ ,$#*'"2" 2!"# 2$ + >+)()   $ %$ 2!() S" '$$ ?$7 + L",2$7 $? 2!" ?$7#
w = (λk, . . . , λk, γk, . . . , γk, λn−1k, λnk),
S (2!
λ, γ, λn−1, λn ∈ R, +/% S" (#*$)" 2!+2 w )+2()?5 2!" ,$/%(2($/) (  (( 
(((  E$/%(2($/
iii)
() )27+(0!2?$7S+7% L"7("% >5
w.
E$/%(2($/
i)
!$'%) (? +/%
9  9
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R
$/'5 (?
`λ+ (n− `− 2)γ + λn−1 + λn = 0. - U
O"#"#>"7(/0 2!+2
1
ri
ei ∧ wi = −λj ∀i = 1, . . . , `;
1
ri
ei ∧ wi = γj ∀i = `+ 1, . . . , n− 2;
1
rn−1
en−1 ∧ wn−1 =
(
− ‖µ‖ − rncosθ
rn−1
,
rn
rn−1
sinθ, 0
)
∧ (0, 0, λn−1)
=
(
λn−1
rn
rn−1
sinθ, λn−1
‖µ‖ − rncosθ
rn−1
, 0
)
;
1
rn
en ∧ wn = (−cosθ,−sinθ, 0) ∧ (0, 0, λn) = (−λnsinθ, λncosθ, 0);
S" $>2+(/ 2!+2 ,$/%(2($/
iii)
!$'%) (? +/% $/'5 (?
−`λ+ (n− `− 2)γ + λn−1‖µ‖ − rncosθ
rn−1
+ λncosθ = 0
- D
+/%
λn−1
rn
rn−1
senθ − λnsinθ = 0. - T
F$ 2$ %"2"7# (/"
w
S" S+/2 2$ )$'L" 2!" )5)2"# - U  - D  - T 
(4.6) ⇐⇒ λn = rn
rn−1
λn−1.
 
)(/0 2!() (/ - D  S" 0"2 −`λ + (n− `− 2)γ + ‖µ‖
rn−1
λn−1 = 0,
S!(,! ()
λn−1 =
rn−1
‖µ‖ (`λ− (n− `− 2)γ)
- V
+/% &)(/0 - V (/ - T

λn =
rn
‖µ‖(`λ− (n− `− 2)γ).
- ﬃ@
F$ - V +/% - ﬃ@ (/ - U 0(L"
λ = −n− `− 2
`
γ
‖µ‖ − rn−1 − rn
‖µ‖+ rn−1 + rn .
9  9    :

;
	ﬁ<
:
ﬁﬁ 

Mr
E!$$)(/0
γ = 1
2(n−`−2)(‖µ‖ + rn−1 + rn)
+/%
λ = − 1
2`
(‖µ‖ − rn−1 − rn), (2
?$''$S ) 2!+2
`λ− (n− `− 2)γ = −‖µ‖. F$ λn−1 = −rn−1 +/% λn = −rn.
 !" L",2$7
w = (λk, . . . , λk, γk, . . . , γk,−rn−1k,−rnk), λ, γ +) +>$L"  ()
'(/"+7'5 (/%"* "/%"/2 S (2! 2!" L",2$7)
ui, uˆi, vi, vˆi.
O"#"#>"7 2!+2
J
() 2!"
,$#*'"C )27&,2&7" +))$,(+2"% 2$ 2!" )5#*'",2(, ?$7#  )$ −J(w) () '(/"+7'5
(/%"* "/%"/2 S (2!
ui, uˆi, vi, vˆi, w
+/% ,$#*'"2" 2$ + >+)() $?
T[P ]Mr.
O"# "#>"7(/0 2!+2
Jw = ( e1
r1
∧ w1, . . . , enrn ∧ wn),
(2 ?$''$S ) 2!+2
ei
ri
∧ wi = (1, 0, 0) ∧ (0, 0, λ) = −λj ∀i = 1, . . . , `;
ei
ri
∧ wi = (−1, 0, 0) ∧ (0, 0, γ) = γj ∀i = `+ 1, . . . , n− 2;
en−1
rn−1
∧ wn−1 = 1
rn−1
(−‖µ‖+ rncosθ, rnsinθ, 0) ∧ (0, 0,−rn−1) =
−rnsinθi− (‖µ‖ − rncosθ)j;
en
rn
∧ wn = 1
rn
(−rncosθ,−rnsinθ, 0) ∧ (0, 0,−rn)
rnsinθi− rncosθj.
 !&)
−Jw = (λj, . . . , λj,−γj,−γj, rnsinθi+(‖µ‖−rncosθ)j,−rnsinθi+rncosθj).
F$ B1 = {u1, v1, . . . , u`−1, v`−1, uˆ`+1,−vˆ`+1, . . . , uˆn−3,−vˆn−3, Jw, w} () + >+)()
$?
T[P ]Mr
+/% (2 () * $)(2(L" 

 
ﬃ-
ﬂ
 !() () 2!" )2+/%+7% ,$/L"/2($/  (/ ?+,2
Jui = (. . . ,
ri
ri
i ∧ j, ri
ri
i ∧ (−j), 0, . . . , 0) = (0, . . . , 0, k,−k, 0, . . . , 0) = vi;
Juˆi = (. . . ,−ri
ri
i∧ j,−ri
ri
i∧ (−j), 0, . . . , 0) = (0, . . . , 0,−k, k, 0, . . . , 0) = −vˆi;
+/%
Jvi = −ui, J(−vˆi) = −uˆi +/% J(−Jw) = w.
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	

 



	

<
9     9 9

A
ﬁ  
<
 
ﬁ		

 
/ 2!() )",2($/ S" S ('' L"7(?5 2!+2
A
() + ,$#*'"C )27&,2&7"   $ ,!", 2!+2
A2 = −Id S" S7(2" 2!" # +27(C $? A S (2! 7")* ",2 2$ 2!" >+)() B1  S (2! +
'(22'" +>&)" $? /$2+2($/  S" S ('' ,+'' 2! () # +27(C
A
 

(7)2 $? +'' S" ,+/ /$2" 2!+2
ξ(ui) = ξ(uˆi) = ξ(vi) = ξ(vˆi) = 0
7"# "#>"7
2!+2
ξ(v) =
∑n−2
i=1 vi
?$7 +''
v ∈ R3n  F$
〈Aˆ(ui), δ2〉 = 〈j, j〉+ 〈j,−j〉 = 0
+/% )(# ('+7'5 〈Aˆ(uˆi), δ2〉 = 〈Aˆ(vi), δ3〉 = 〈Aˆ(vˆi), δ3〉 = 0. M$7"$L"7 (2 () 27(L (+'
2$ )"" 2!+2 〈Aˆ(ui), δ3〉 = 〈Aˆ(uˆi), δ3〉 = 〈Aˆ(vi), δ2〉 = 〈Aˆ(vˆi), δ2〉 = 0. $S (2 ()
"+)5 2$ L"7(?5 2!+2
Aui = (0, . . . , 0, k,−k, 0, . . . , 0) = vi, ∀i = 1, . . . `− 1;
Avi = (0, . . . , 0,−j, j, 0, . . . , 0) = −ui, ∀i = 1, . . . `− 1;
Auˆi = (0, . . . , 0, k,−k, 0, . . . , 0) = vˆi, ∀i = `, . . . n− 3;
Avˆi = (0, . . . , 0,−j, j, 0, . . . , 0) = −uˆi, ∀i = `, . . . n− 3;
1')$
A(−Jw) = b1v1 + . . .+ bk−2vˆk−2 + bw
+/%
A(w) = a1u1 + . . .+ an−3uˆn−3 + a(−Jw)
ai, bi, a, b ∈ R, 2!"/ 2!" # +27(C A () 
9
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A =


0 1 0 a1
−1 0 b1 0









0 1 0 a`−1
−1 0 b`−1 0
0 −1 0 a`
1 0 b` 0









0 −1 0 an−3
1 0 bn−3 0
0 a
b 0


.
F$
A2 = −Id ⇐⇒ ab = −1.




	< 

a

b
 

(7)2 $? +'' S" ,+/ /$2(," 2!+2 2!" '+)2 2S$ ,$#*$
=
/"/2) $?
A(−Jw) +/% $? A(w) +7" "/$&0! 2$ %"2"7# (/" a +/% b > ",+&)" 2!"
L",2$7)
ui, uˆi, vi, vˆi
!+L" /$ (/&"/," $/ 2!" /+' ,$#*$/"/2) 

>)"7L(/0 2!+2 〈Aˆ(−Jw), δ3〉 = 0  >",+&)" −Jw !+) /$ /$2 0 ,$#*$/"/2)
+'$/0
k
  (2 ?$''$S ) 2!+2

A(−Jw) =
(
. . . ,
〈Aˆ(−Jw), δ2〉
‖δ2‖2
rn−1‖µ‖
rn−1 + rn
k,
〈Aˆ(−Jw), δ2〉
‖δ2‖2
rn‖µ‖
rn−1 + rn
k
)
.
$S  7",+''(/0 2!+2
w = (λk, . . . , λk, γk, . . . , γk,−rn−1k,−rnk) S" 0"2
b = −〈Aˆ(−Jw), δ
2〉
‖δ2‖2
‖µ‖
rn−1 + rn
.
- ﬃﬃ
F(# ('+7'5 (2 () * $))(> '" 2$ $>)"7L" 2!+2 〈Aˆ(w), δ2〉 = 0, 2!&)
A(w) =
(
. . . ,−〈Aˆ(w), δ
3〉
‖δ3‖2
(
rnsinθi + (‖µ‖ − rncosθ)j
)
,
−〈Aˆ(w), δ
3〉
‖δ3‖2
(− rnsinθi + rncosθj)).
9  9
	

 



	

<
9     9 9

E$#*+7(/0
A(w)
S (2! 2!" '+)2 2S$ ,$#*$/"/2) $? −Jw S" 0"2 
a = −〈Aˆ(w), δ
3〉
‖δ3‖2 .
- ﬃ-
O"#"#>"7 2!+2
ξ(−Jw) = ∑n−2i=1 (−Jw)i = `λ − (n − ` − 2)γ = −‖µ‖j.
 !"/
〈Aˆ(−Jw), δ2〉 =
∑`
j=1
( rj
‖µ‖‖µ‖+ λ
)
−
n−2∑
j=`+1
(
− rj‖µ‖‖µ‖ − γ
)
=
n−2∑
j=1
rj + `λ+ (n− `− 2)γ =
n−2∑
j=1
rj + rn−1 + rn = 2.
‖δ2‖2 =
n−2∑
j=1
rj +
‖µ‖2(rn−1 + rn)
(rn−1 + rn)2
=
(rn−1 + rn)
∑n−2
j=1 rj + ‖µ‖2
rn−1 + rn
.
F$
b = − 2‖µ‖
(rn−1 + rn)
∑n−2
j=1 rj + ‖µ‖2
.
F(# ('+7'5
ξ(w) = `λ + (n − ` − 2)γ = −1
2
(‖µ‖ − rn−1 − rn) + 12(‖µ‖ +
rn−1 + rn) = rn−1 + rn.
〈Aˆ(w), δ3〉 =
∑`
j=1
(
− rj‖µ‖(rn−1 + rn) +λ
)
+
n−2∑
j=`+1
(
− rj‖µ‖(rn−1 + rn)− γ
)
=
−rn−1 + rn‖µ‖
n−2∑
j=1
rj + `λ− (n− `− 2)γ = −
(rn−1 + rn)
∑n−2
j=1 rj + ‖µ‖2
‖µ‖ .
‖δ3‖2 =∑n−2j=1 rj + rn−1 + rn = 2.
F$
a =
(rn−1 + rn)
∑n−2
j=1 rj + ‖µ‖2
2‖µ‖ .
- ﬃ3
 
2 () /$S )27+(0!2?$7S+7% 2$ L"7(?5 2!+2
ab = −1, +/% )$ A2 = −Id.
G  9    :
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B2 = {. . . , ui, Aui, . . . , uˆi, Auˆi, . . . ,−Aw,w} () + A=* $)(2(L" >+)() $? T[P ]Mr.
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T ′ 


	



  



(νXH , H)

ρ 
  

 


 
    
 
 
  

XH
ﬁ
 
 
2ρ = rank(νXH).
 "C2 7")&'2 )""

M+- 7"'+2") 2!" (/2"07+2($/ $L"7 2!" )5#*'",2(, K&$2("/2
X/G
$? +
G=
# +/(?$'%
X
S (2! 2!" (/2"07+2($/ $L"7 2!" +))$,(+2"% K&$2("/2
X/T
>5 + # +C (# +' )&>2$7&)
T ⊂ G.
"2
G
> " + ,$//",2"% ,$#*+,2  (" 07$&* S!(,! +,2) $/ 2!" )#$$2! #+/(
=
?$'%
X
(/ + 
 +# ('2$/(+/ S+5 S (2! +))$,(+2"% #$#"/2 # +*
µG
 +/% '"2
T
>"
+ # +C (# +' )&>2$7&) (/
G;
2!" 7")27(,2($/ $? 2!" +,2($/ $?
G
%"/") + 
 +# ('2$
=
/(+/ +,2($/ $?
T
$/
X
S (2! +))$,(+2"% #$#"/2 # +*
µT
   !"7" () + /+2&7+'
7")27(,2($/ # +*
rGT : H
∗
G(X) → H∗T (X)
> "2S""/ 2!" "K&(L+7(+/2 7")* ",2 2$
G
+/%
T
 ,$!$#$'$05 7(/0)   $ C 2!" /$2+2($/ 
Cm(w)
%"/$2") 2!" ,$#*'"C
)*+,"
Cm
"/%$S"% $? 2!"
S1=
+,2($/ S (2! S"(0!2
w
+/%
Cm(w) := X × Cw
()
2!" 2$2+' )*+," $? +/ "K&(L+7(+/2 '(/" >&/%'" $L"7
X.
G  G  H

<
 

	

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I
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
<
G  9  G   JK&(L+7(+/2 (/2"07+2($/ ?$7#&'+ 

  
a ∈ H∗G(X),∫
X/G
kG(a) =
1
|W |
∫
X/T
kT
(
rGT (a) ^
∏
α∈∆
cT1 (Cα)
)
.
  |W |             G  ∆         G.
     


	

<
G  G     

r ∈ Rn+
 
 
Mr 
     

 

vol(Mr) = − (2pi)
n−3
2(n− 3)!
n−1∑
k=0
(−1)k
∑
I∈I
|I|=k
(R+I − R−I )n−3,
 
R−I =
∑
i∈I
ri, R
+
I =
∑
i/∈I
ri

I = {I ⊂ {1, . . . , n} : R+I −R−I > 0}.



ﬂ
 !"  7)2 )2"* (/ 2!" *7$$? () 2$ +**'5 2!"$7"# 3 - 3 +/% S 7(2" 2!"
L$'&#" $?
Mr
+)
vol(Mr) =
1
2
∫
Sr/S1
kS1(r
SO(3)
S1 (a) ^ c
S1
1 (C(1)) ^ c
S1
1 (C(−1)))
S!"7"
a ∈ H∗SO(3)(Sr)
() )&,! 2!+2
kSO(3)(a)
() 2!" L$'&# " ?$7# $/ Sr/SO(3) =
Mr
+/%
S1
() + +7>(27+7('5 ,!$)"/  #+C(# +' )&>2$7&) $?
SO(3).
" !+L"
+'7"+%5 "/2"7"% (/ 2!" ?$7#&'+ 2!+2 2!" "5' 07$&* $?
SO(3)
()
Z/2Z
+/%
2!+2 2!" )"2 $? 7$$2) $?
SO(3)
() {±1}.
 !" )",$/% )2"* () 2$ +**'5 2!" '$ ,+'(+2($/ 2!"$7"# 3 - ﬃ 2$ '$ ,+'(" 2!"
,+',&'+2($/ $? 2!" (/2"07+' +>$L" 2$ %+2+ +))$,(+2"% 2$ 2!" C"% *$(/2) )"2 $?
2!"
S1=
+,2($/ 
O"#"#>"7 2!+2 2!" )5#*'",2(, )27&,2&7" $/ Sr () %"/"% >5 2!" 2=?$7#
ω =
∑n
j=1
1
rj
p∗jωj,
S!"7"
pj : Sr → S2rj
() 2!" /+2&7+' *7$

",2($/ $/ 2!"
j=
2!
I
G    H
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Mr
?+,2$7 +/%
ωj
() 2!" L$'&#" ?$7# $/ 2!" )*!"7"
S2rj .
 
2 () + ,+',&'+2($/ 2$ ,!",
2!+2  (?
α
() 2!" L$'&#" ?$7# $/ 2!" &/(2 )*!"7" +/%
ωFS
() 2!"

&>(/(	F2&%5
?$7# $/
CP1 ' S2, 2!"/ ωj = rjα = 2rjωFS.

/ "+,! )*!"7" ,$/)(%"7 2!" '(/" >&/%'" O(2rj)→ S2j ,
2!" 2"/)$7 *7$%&,2
$? 2!" *&''>+,)
p∗jO(2rj)
$? 2!" '(/" >&/%'") O(2rj) %"/") $/ Sr 2!" '(/"
>&/%'" L := O(2r1)  . . . O(2rn) /$S/ (/ '(2"7+2&7" +) 2!" *7"K&+/2&#
'(/" >&/%'" $? Sr  

>)"7L" 2!+2
ωFS
 () 2!"  7)2 E!"7/ ,'+)) $? O(1),
*7",()"'5
[ωFS
2pi
] = c1(O(1)), (2 ?$''$S ) >5 2!" %"/(2($/ $? 2!" )5#*'",2(, ?$7#
ω
$/ Sr 2!+2 [ ω
2pi
]
= c1(O(2r1)  . . .O(2rn)) = c1(L).
 !" ,$/)27&,2($/ +>$L" () S"'' %"/"%

&)2 ?$7 (/2"07+'
r1, . . . , rn,
)$ '"2
&) 7")27(,2 2$ 2!" ,+)"
r ∈ Zn+
+/% *7$L" 2!" )2+2"% 7")&'2 ?$7 2!" L$'&#"
$?
Mr.
 !"/  ?$7 "+,!
λ ∈ R+, S" 0"2 2!" L$'&# " $? Mλr >5 7"),+'(/0  ( " 
vol(Mλr) = (λ)
n−3(volMr),
2!&) 2!" ?$7#&'+ !$'%) +')$ ?$7 7+2($/+'
ri.

(/+''5
>5 %"/)(25 2!" 7")&'2 "C2"/%) 2$
r ∈ Rn+.
"2
a
>" 2!"
(n−3)=2! *$S"7 $? 2!" 7)2 "K&(L+7(+/2 E!"7/ ,'+)) cSO(3)1 (L)
$? 2!" *7"K&+/2&# '(/" >&/%'" L /$7# +'("% >5 + ?+,2$7 (2pi)n−3
(n−3)!
  2!"/ (2)
(# +0"
k(a)
27$&0! 2!"  (7S+/ # +*
k : H∗SO(3)(Sr) → H∗(Sr/SO(3))
() 2!"
L$'&#" ?$7# $/
Mr :
vol(Mr) =
(2pi)n−3
(n− 3)!
∫
Mr
k(c
SO(3)
1 (L)n−3).
" /$S +**'5 2!" (/2"07+2($/ ?$7#&'+ 3 - 3

2!" 7")27(,2($/
r
SO(3)
S1
#+*)
c
SO(3)
1 (L)n−3
(/
cS
1
1 (L)n−3,
2!&)
vol(Mr) =
1
2
(2pi)n−3
(n− 3)!
∫
Sr/S1
kS1(c
S1
1 (L)n−3 ^ cS
1
1 (C(1)) ^ c
S1
1 (C(−1)))
+/% 2!"  7)2 )2"* () %$/" 
 
/ $7%"7 2$ +**'5 2!" '$ ,+'(+2($/ 2!"$7"# 3 - ﬃ S" #+" +/ "C*'(,(2 ,!$(,"
$? + # +C (# +' )&>2$7&)
S1 ⊂ SO(3) : '"2 S1 > " 2!" )&>07$&* 2!+2 +,2) $/ "+,!
)*!"7" >5 7$2+2($/ +'$/0 2!"
z=
+C ()  ( " 
S1 × S2rj → S2rj
(θ, ej) 7→ Aθej
G  G  H
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<
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
<
I

S!"7"
Aθ =


1 0 0
0 cos θ sin θ
0 −sin θ cos θ

 +/% ej =


e1,j
e2,j
e3,j

 .
 !() +,2($/ () 
 +# ('2$/(+/ S (2! #$# "/2 # +* 2!" !"(0!2 ?&/,2($/
µ : S2rj → s1 ' R
ej 7→ ht(ej) := e3,j .
$2" 2!+2 2!" C"% *$(/2) $? 2!() +,2($/ +7" 2!" /$72! * $'"
Nj
+/% 2!" )$&2!
*$'"
Sj
+/% 2!" (# +0"
µ(S2rj)
() 2!" )"0# "/2
[µ(Sj), µ(Nj)] = [−rj , rj] (/
+07""# "/2 S (2! 2!" ,$/L"C (25 2!"$7"# 
 !")" $>)"7L+2($/) "C2"/%) "+)('5 2$ 2!" *7$%&,2 # +/(?$'% Sr : + *$(/2 (/
Sr () 0(L"/ >5 2!" n=2&*'" (e1, . . . , en), +/% 2!" +,2($/ $? 2!" # +C(# +' 2$7&)
S1
()
S1 × Sr → Sr
(θ, (e1, . . . en)) 7→ (Aθe1, . . . , Aθen).
 !() +,2($/ () ,'"+7'5 )2('' 
 +# ('2$/(+/ +/%  >5 '(/"+7(25 !+) #$# "/2 # +*
2!" )&# $? 2!" !"(0!2)  ( "  (?
ej = (xj , yj, zj)
2!"/
µ(e1, . . . , en) =
∑
j zj .
1 *$(/2
(e1, . . . , en)
() C"% >5 2!() +,2($/ (? +/% $/'5 (?
ej ∈ {Nj , Sj}
?$7 "+,!
j ∈ {1, . . . , n}, +/% 2!")" *$(/2) +7" ()$'+2"%  $7 2!")" * $(/2) S"
(/27$%&," + #$7" !+/%5 /$2+2($/

'"2
I
> " +/5 )&>)"2 $? {1, . . . , n}, S" %"/"
fI
2$ > " 2!" *$(/2
(e1, . . . , en) ∈ Sr )&,! 2!+2 ej () + )$&2! *$'" (? j ∈ I, +
/$72! *$'" $2!"7S ()"   !&) +'' 2!" C"% *$(/2) +7" +
fI
?$7 )$# " (/%"C )"2
I
+/%
µ(fI) =
∑
i/∈I
ri −
∑
i∈I
ri := R
+
I − R−I .

 
ﬃV
ﬂ
$2" 2!+2
R+I −R−I 6= 0
?$7 +''
I;
(/ ?+,2
R+I −R−I = 0
S$&'% #"+/
2!+2 * $'50$/) $/ + '(/" +7" *$))(>'"  S!(,! () +0+(/)2 2!" +))&#*2($/ 2!+2
Mr
() + # +/(?$'%   !() (# *'(") 2!+2
0
() + 7"0&'+7 L+'&" $? 2!" # $# "/2 # +*
µ,
(/ ?+,2
dxµ
() (%"/2(,+''5
0
(? +/% $/'5 (?
x = fI :
?$7 "+,! 2+/0"/2 L",2$7
v = (v1, . . . , vn) ∈ TxS, dxµ(v) =
∑
j ζj
S!"7"
ζj
() 2!" 2!(7% ,$#*$/"/2 $?
vj .
F$
dxµ ≡ 0 ⇐⇒ ζj = 0 ∀j ⇐⇒ x = fI .
R  G    H
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Mr

$7 2!" 12(5+! +/% 6&(''"# (/
=
F2"7/> "70 ,$/L"C (25 2!"$7"#  2!" (# +0"
µ(Sr) () 2!" ,$/L"C !&'' $? 2!" *$(/2) µ(fI), ( " 
µ(Sr) =
[
−
n∑
i=1
ri,
n∑
i=1
ri
]
.
 !" (%"+ () /$S 2$ +**'5 2!"$7"# 3 - ﬃ 2$ ,+',&'+2" 2!" L$'&# " $? Sr/S1.
E!$$)"
p0 = 0
+/%
p1 >
∑n
i=1 ri,
)$ 2!+2
µ−1(p1)
() "#*25 2!() (#*'5 2!+2
2!" (/2"07+' $L"7 Sr/S1(p1) () "7$ +/%∫
Sr/S1
k(a˜) =
∑∫
XH/T (q)
kq(λH(a˜|
XH
))
S!"7" 2!" )&# () # +%" $L"7 2!" S+'')
µ(XHi)
2!+2 2!" *+2!
Z = [0, p1] ⊂ R
,7$))") +2
qi.
M$7"$L"7 /$2" 2!+2 2!" S+'') (/
µ(Sr) +7" &)2 2!" *$(/2) µ(fI), +/% 2!"
*+2!
Z
,7$))") 2!" S+'')
µ(fI)
$/'5 ?$7 2!$)"
I
)&,! 2!+2
R+I − R−I > 0.
"
,+'' 2!")"
I
+%# ())(> '" +/% %"/" I 2$ > " 2!" )"2 $? +'' 2!" +%# ())(> '" I. "
,+/ +')$ *$(/2 $&2 2!+2 2!" K&$2("/2 )*+,")
XH/ T (q)
+7"

&)2 *$(/2)  2!&)
∫
Sr/S1
k(a˜) =
∑
I∈I
kI(λI(a˜|fI )).
$S S" S ('' )2&%5 2!" /$7# +' >&/%'"
νfI
(/ $7%"7 2$ S$7 $&2 2!" %"2+(')
/","))+75 2$ &)" 2!" "K&(L+7(+/2 %"),7(*2($/ 3 - - $?
λfI .
 !"
f ′I
) +7" * $(/2) 2!&) ?$7 "+,!
I
2!" /$7# +' >&/%'"
νfI
() 2!" %(7",2
)&# $? ,$*(") $?
TNjS
2
rj
+/%
TSjS
2
rj
.
F$  (?
k
() 2!" /&#>"7 $? )$&2! *$'") (/
fI ,
( " 
k = |I|, 2!"/
νfI ' Cn−k(1) ⊕ Ck(−1).
 !" "K&(L+7(+/2 F"07" ,'+))") 2!+2 +** "+7 (/ 3 - - ?$7# +''5 '(" (/
H∗T/H(fI),
S!"7"
H ' S1 () 2!" )&>07$&* $? T +))$,(+2"% 2$ 2!" S+'' µ(fI); (/ $&7 ,+)"
T
()
S1
(2)"'?  2!"/
sw(νfI)
'(") (/ 2!" %" O!+# ,$!$#$'$05 7(/0
H∗(fI).
 !"
>&/%'"
νfI
!+) 7+/ $/"  +/% 2!"
j=
2! E!"7/ ,'+))")
cj(C(±1))
+7" "7$ ?$7
"+,!
i
+/%
j
> ",+&)"  ?$7 "+,!
I, νfI
() + '(/" >&/%'" $L"7 + * $(/2  2!"/
cw(νfI) =
∏
i
i = (−1)n−k
G  
I
ﬂ 
<

ﬁ R

S!"7"
k
() 2!" /&#>"7 $? )$&2! *$'")   !"/
swj (νfI)
{
(−1)n−k j = 0, k = |I|
0
$2!"7S ()"
M$7"$L"7 
k(fI) = 1
?$7 "+,!
I
> ",+&)" 2!" 2!" S"(0!2) +7" +'' ±1.
" !+L" /$S +'' 2!" (/07"%("/2) 2$ +**'5 2!" "K&(L+7(+/2 ?$7#&'+ 3 - -
+/% ,+',&'+2"
λI(a˜|fI ),
S (2!
a˜ = cS
1
1 (L)n−3 ^ cS11 (C(1)) ^ cS11 (C(−1)).

7$# 2!" ,$/)27&,2($/ $? 2!" '(/" >&/%'" L S" #+%" +>$L"  (2 ?$''$S ) 2!+2
L|fI = C(R+I −R−I )
S!"7" +0+(/
I
() 2!" (/%"C )"2 2!+2 %"2",2) 2!" )$&2! *$'") 
 !&)
cS
1
1 (L)|fI = (R+I − R−I )u,
S!"7"
u
() 2!" *$)(2(L" 0"/"7+2$7 $? 2!" "K&(L+7(+/2 ,$!$#$'$05 $? + *$(/2
H∗S1(fI).
F(# ('+7'5
cS
1
1
(
C(1)
)
|fI
= u, cS
1
1
(
C(−1)
)
|fI
= −u.
F$
a˜|fI = −(R+I −R−I )n−3un−1
+/%
λI(a˜|fI ) = −(−1)k(R+I − R−I )n−3un−1.
 $ /()! 2!" *7$$? S" )!$&'% /$S +**'5 2!"  (7S+/ #+*
kq : H
∗
T/H(X
H)→
H∗(XH/ T (q))
+) (/ 3 - ﬃ $2" 2!+2 (/ $&7 ,+)"
T
()
S1
(2)"'? +/% 2!" C"%
*$(/2) )"2)
XH
+7" 2!"
fI
N)  )$
kq : H
∗(fI) → H∗(fI) () 2!" (%"/2(25 # +* 
 !&)  )&## (/0 $/ +'' 2!" +%# ())(> '"
I,
2!" 7")&'2 ?$''$S ) 
    
"2
r = (2, 1, 8, 2, 4)
 
" *7$L"% (/ - 3 2!+2
Mr
() ,$>$7%+/2
CP2.
I = ∅ ⇒ R+I − R−I = 17⇒ ∅
() +%# ())(> '" 
I = {1} ⇒ R+I −R−I = 13⇒ {1}
() +%# ())(> '" 
R9 G    H
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Mr
I = {2} ⇒ R+I −R−I = 15⇒ {2}
() +%# ())(> '" 
I = {3} ⇒ R+I −R−I = 1⇒ {3}
() +%# ())(> '" 
I = {4} ⇒ R+I −R−I = 13⇒ {4}
() +%# ())(> '" 
I = {5} ⇒ R+I −R−I = 9⇒ {5}
() +%# ())(> '" 
I = {1, 2} ⇒ R+I − R−I = 11⇒ {1, 2}
() +%# ())(> '" 
I = {1, 3} ⇒ R+I − R−I = −3⇒ {2, 4, 5}
() +%# ())(> '" 
I = {1, 4} ⇒ R+I − R−I = 9⇒ {1, 4}
() +%# ())(> '" 
I = {1, 5} ⇒ R+I − R−I = 5⇒ {1, 5}
() +%# ())(> '" 
I = {2, 3} ⇒ R+I − R−I = −1⇒ {1, 4, 5}
() +%# ())(> '" 
I = {2, 4} ⇒ R+I − R−I = 11⇒ {2, 4}
() +%# ())(> '" 
I = {2, 5} ⇒ R+I − R−I = 7⇒ {2, 5}
() +%# ())(> '" 
I = {3, 4} ⇒ R+I − R−I = −3⇒ {1, 2, 5}
() +%# ())(> '" 
I = {3, 5} ⇒ R+I − R−I = −7⇒ {1, 2, 4}
() +%# ())(> '" 
I = {4, 5} ⇒ R+I − R−I = 5⇒ {4, 5}
() +%# ())(> '" 
 !&)  )&## (/0 $/ +'' 2!" +%# ())(> '"
I ′
) S" 0"2

	
(Mr) = −pi2
(
172︸︷︷︸
|I|=0
− (132 + 152 + 1 + 132 + 92)︸ ︷︷ ︸
|I|=1
+ (112 + 92 + 52 + 112 + 72 + 52)︸ ︷︷ ︸
|I|=2
−
− (32 + 1 + 32 + 72)︸ ︷︷ ︸
|I|=3
)
= −pi2(−2) = 2pi2.
M$7" 0"/"7+''5 '"2
∆0
> " 2!" 7"0($/ (/
Ξ ∈ R5 $? 7"0&'+7 L+'&") ?$7 2!"
# $# "/2 # +*
µ
U6
1
%"'(# (2"% >5 2!" ?$''$S (/0 S+'')

ri <
∑
j 6=i
ri; ∀i,
∑
i∈{3,j}
ri >
∑
i∈{3,j}c
ri; ∀j = 1, 2, 4, 5; {3, j}c := {1, . . . , 5} \ {3, j}
∑
i∈{j,k,`}
ri >
∑
i∈{j,k,`}c
ri; ∀j, k, ` = 1, 2, 3, 4; {j, k, `}c := {1, . . . , 5} \ {j, k, `}.
G  
I
ﬂ 
<

ﬁ R
G
F$ ?$7
r
N) (/
∆0
2!" )"2 $? +%# ())(> '"
I
N) ()
I = {{t}, {3, j}, {j, k, `}/t = 1, . . . , 5; j, k, ` = 1, 2, 4, 5}.
 !"/  +**'5(/0 2!"$7"# 3 3 ﬃ  (2 () + ,+',&'+2($/ 2$ ,!", 2!+2 2!" L$'&#"
?$7 2!" +))$ ,(+2"% )5#*'",2(, K&$2("/2
Mr
()
L$'
Mr = 2pi
2(r1 + r2 − r3 + r4 + r5)2
+/%  >",+&)" 2!" * "7(# "2"7
∑n
i=1 ri = p
() C"%  (/ *+72(,&'+7
p = 2
$/
Ξ,
2!"/ S" 0"2
L$'
Mr = 2pi
2(2− 2r3)2.

 
-@
ﬂ
$2" 2!+2
r = (2, 1, 8, 2, 4) /∈ Ξ, (/ ?+,2 ∑ni=1 ri = 17. $7=
# +'( (/0 (2
r¯ = 2
17
(2, 1, 8, 2, 4),
+/% 2!" L$'&#" $? 2!" +))$ ,(+2"% )5#*'",2(,
K&$2("/2
Mr¯
,+/ > " %"%&,"% >5 2!" L$'&# " $?
Mr
>5 7"),+'(/0  ( " 
L$'
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ν+ ⊕ ν− $? 2S$ )&>>&/%'")
)&,! 2!+2
H
+,2) $/
ν+
S (2! *$)(2(L" S"(0!2) 2!" +,2($/ () K&+)(
=
?7""  )$ 2!"
* $)(2(L" S"(0!2) +7" +''   ﬃ  +/% $/
ν−
S (2! /"0+2(L" S"(0!2)  F$
χ+
+/%
χ−
+7"

&)2 2!" S"(0!2) $? 2!"
H
+,2($/ $/
νXH |
XH∩µ−1(rc)
.
1) (/ )",2($/ A ﬃ S" S (''  7)2 +/+'5)" 2!" S+'' ,7$))(/0 $? + S+''
W
$?
"K&+2($/)
p∑
i=1
ri =
q∑
i=p+1
ri, p+ q = n.
M$7"$L"7 )&**$)" +0+(/ 2!+2 S" +7" ,7$))(/0 2!" S+''
W
?7$#
∆0
2$
∆1,
+)
%"/"% (/ A - +/% A 3  )$ 2!+2
W
() + S+'' $? 25* "
(p, q)
+/% 2!" )&>07$&*
H ' S1 +))$,(+2"% 2$ W ()
H = 〈(−1, . . . ,−1︸ ︷︷ ︸
p
, 1, . . . , 1︸ ︷︷ ︸
q
)〉,
( " 
H = {%(+0( e−iθ, . . . , e−iθ︸ ︷︷ ︸
p
, eiθ, . . . , eiθ︸ ︷︷ ︸
q
)}. H +,2) $/ 2!" )*+," $? # +27(=
,")
Mn×2
>5 #&'2(* '(,+2($/
 ∀(a, b) ∈Mn×2
I 9 :
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
(p, q)
 
%(+0
(e−iθ, . . . , eiθ) · (a, b) =


e−iθa1 e−iθb1






eiθan e
iθbn


+/%  ?$7 "+,! C"% *$(/2
P,
2!" S"(0!2) $? 2!"
H =
+,2($/ $/
TPMn×2
+7"


−1 −1






−1 −1
1 1






1 1


,
( "  &/%"7 2!"
H =
+,2($/ 2!" 2+/0"/2 )*+,"
TpMn×2
0"2 %",$#*$)"% (/ 2!" %(
=
7",2 )&# $? ?$&7 )*+,")  S!(,! S" S ('' ,+''
A+, A−, B+, B−; A+
,$77")*$/%)
2$ 2!" %(7",2($/) $? 2!"
ai
,$$7%(/+2") +,2"% $/ S (2! S"(0!2
+1

A−
,$77"
=
)* $/%) 2$ 2!"
ai
N) +,2"% $/ S (2! S"(0!2 −1 +/% B+ +/% B− +7" )(# ('+7'5
%"/"% S (2! 7")* ",2 2$ 2!"
bi
N)  $2" 2!+2
%(#
CA+ = q,
%(#
CB+ = q,
%(#
CA− = p,
%(#
CB− = p.
 !" )"2
XH
$? *$(/2) C"% >5 2!"
H =
+,2($/ ()
XH :=
{
[(a, b)] ∈ St2,n/U2 :
{
ai = 0 ∀i ≥ p+ 1
bi = 0 ∀i ≤ p
}
µ−1(rc)
(/2"7)",2)
XH
(/ + )&>#+/(?$'% $? 7"+' % (# "/)($/
n − 1, (/ ?+,2 
7",+''(/0 2!+2
µ(a, b) = (|a1|2 + |b1|2, . . . , |an|2 + |bn|2) )"" ﬃ3 +/%


 VD 
2!" "K&+2($/) |aj |2 = rcj
+/% |bj |2 = rcj
%$ /$2 %"2"7# (/" 2!" *!+)") $?
aj
+/%
bj .
 !() )&># +/(?$'% () +
Un1
=
$7>(2 (/
µ−1(rc)∩XH , ?$7 "C+#*'" (2 () 2!"
 9
I
  :
	
ﬁﬁﬀ 
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Un1
=
$7>(2 $?
P ∈ µ−1(rc) ∩XH %"/"% +) ?$''$S 
P :=


√
rc1 0





√
rcp 0
0
√
rcp+1






0
√
rcn


.
 !()  &)(/0 2!" K&+2"7/($/(, 
$*? # +* (/27$%&,"% (/ )",2($/ ﬃ3  (%"/2(")
"C*'(,(2'5 2!" K&$2("/2
(µ−1(rc) ∩ XH)/Un1
S (2! 2!" %"0"/"7+2" ( "  '(/"% 
*$'50$/
[P ] ∈Mr, [P ] = (r1 i, . . . , rp i,−rp+1 i, . . . ,−rn i), S!"7" i = (1, 0, 0).
.5 %"/(2($/
νXH = TX|
XH
upslopeTXH
+/%
νXH |(µ−1(rc)∩XH) = TX|(µ−1(rc)∩XH)upslopeTX
H
|(µ−1(rc)∩XH).
.5
Un1
=
"K&(L+7(+/,"  2!" S"(0!2) $? 2!"
H =
+,2($/ $/
νXH |Q
+7" ,$/)2+/2
?$7 "+,!
Q ∈ µ−1(rc)∩XH , +/% *7",()"'5 2!"5 +7" 2!" S"(0!2) $? 2!" H =+,2($/
$/
νXH |(µ−1(rc)∩XH).
 !&) S" S ('' ,+',&'+2" 2!" S"(0!2) $? 2!"
H =
+,2($/ $/
νXH |P .
 
/ 2!()
)(2&+2($/ S" ,+/ (%"/2(?5 2!" $72!$0$/+' 2$
TPX
H S (2! 2!" 7")27(,2($/ $? 2!"
/$7# +' >&/%'" 2$
XH ,
( " 
νXH |P ' T⊥P XH .
M$7"$L"7  ?7$# 2!" %"),7(*2($/ $?
Gr2,n
+) 2!" $7>(2 )*+," ?$7 2!"
U2
=
+,2($/ $/
St2,n
(2 ?$''$S )
TPGr2,n ' T⊥P (U2 · P ).
 (2! + '(22'" +>&)" $? /$2+2($/ S" &)" 2!" )+# " )5#>$'
P
?$7 2!" "'"# "/2
(/
St2,n
+/% (2) ,'+)) (/
Gr2,n
 
F$ 2$ ,+',&'+2" 2!" S"(0!2) $? 2!"
H =
+,2($/ (/
νXH
|P
S" S ('' &)" 2!"
?$''$S (/0 (%"/2(,+2($/)

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(p, q)
 G
TPSt2,n = TP (U2 · P ) ⊕ T⊥P (U2 · P )
|o
TPGr2,n = TPX
H ⊕ T⊥P XH
|o
νXH
|P
.
$S  '"2
X˜H =
{
a1 b1






an bn

 ∈ St2,n :
{
ai = 0 ∀i ≥ p+ 1
bi = 0 ∀i ≤ p
}
⊆ St2,n,
2!"/ > ",+&)" 2!"
U2
=
+,2($/ +/% 2!"
Un1
=
+,2($/ +/% 2!&) +')$
H =
+,2($/  ,$#
=
#&2")  2!" ?$''$S (/0 (%"/2(,+2($/ !$'%)
νXH
|P
' T⊥P (X˜H ∩ (U2 · P )) ⊆ TPSt2,n.
" /$S %"2"7# (/" 2!" "K&+2($/) ?$7
T⊥P (X˜
H), T⊥P (U2 · P )
+/%
TPSt2,n;
'"2
(a, b) ∈Mn×2
(a, b) ∈ TP X˜H ⇐⇒
{
ap+1 = . . . = an = 0
b1 = . . . bp = 0
2!&)
(a, b) ∈ T⊥P X˜H ⇐⇒
{
a1 = . . . = ap = 0
bp+1 = . . . = bn = 0
A A 
M$7"$L"7
(a, b) ∈ St2,n ⇐⇒


|a| =∑ni=1〈ai, ai〉 = 1
|b| =∑ni=1〈bi, bi〉 = 1
〈a, b〉 =∑ni=1〈ai, bi〉 = 0;
)$  7",+''(/0 2!+2 〈u, v〉 () 2!" )2+/%+7% 
 "7# (2(+/ *7$%&,2  ( "  〈u, v〉 =
1
2
uv¯ + u¯v,
+/% %("7"/2(+2(/0 2!" 7"'+2($/) +>$L" +2
P
S" 0"2

 I I
  :
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(a, b) ∈ TPSt2,n ⇐⇒


∑n
i=1 aiα¯i + a¯iαi = 0∑n
i=1 biβ¯i + b¯iβi = 0∑n
i=1 aiβ¯i + α¯ibi = 0
A 8
$2" 2!+2
(4.5)1
+/%
(4.5)2
+7" +,2&+''5 7"+' "K&+2($/) S!('"
(4.5)3
() +
,$#*'"C "K&+2($/ 
E!$$)"% + >+)() ?$7
TP (U2 · P ), (2 () * $))(> '" 2$ ,$#*&2" 2!" "K&+2($/)
?$7
T⊥P (U2 · P ),
S!(,! +7"

 

<<
I
 9    
(a, b) ∈ T⊥P (U2 · P ) ⇐⇒


∑n
i=1 aiα¯i − a¯iαi = 0∑n
i=1 biβ¯i − b¯iβi = 0∑n
i=1 aiβ¯i − α¯ibi = 0
A U



ﬂ
"2
(
ueiθ v
−v¯ u¯eiθ
)
> " + 0"/"7(, "'"# "/2 (/
U2,

u, v ∈ C, θ ∈ S1 
 !"/  %"7(L+2(/0  + 0"/"7(, "'"# "/2 $/ 2!"  (" +'0">7+
u2
()
(
ν + iθ η
−η¯ ν¯ + iθ
)
S (2!
ν
*&7" ,$#*'"C  ( " 
ν = iφ, φ ∈ R, +/% η ∈ C.  !&) 2!" (//(2")(# +'
+,2($/ $/
P = (α, β)
()
(
i(θ + φ) η
−η¯ i(θ − φ)
)
(α, β) =


i(θ + φ)α1 −η¯α1






i(θ + φ)αp −η¯αp
ηβp+1 i(θ − φ)βp+1






ηβn i(θ − φ)βn


.
A D
 !" ?$''$S (/0 ,!$(,")
{
φ = θ
β = 0
;
{
φ = −θ
β = 0
;
{
φ = 0
θ = 0
%"2"7# (/" + >+)() $? 2!"  (" +'0">7+
u2.
 !&) + >+)() $?
TP (U2 · P ) () %"2"7=
# (/"% >5 "/2"7(/0 2!" ,!$(,") +> $L" (/ A D  1/ "'"# "/2
(a, b) ∈ TPSt2,n () (/
I 9 :
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(p, q)
 
R
T⊥P (U2 · P )
(? (2 () $72!$0$/+' 2$ "+,! "'"# "/2 $? + >+)() $?
TP (U2 · P ).  !() 
?$7 2!" >+)() S" ,!$)"  0(L") 2!" ?$''$S (/0 )5)2"#


∑p
j=1〈iαj , aj〉 = 0∑n
j=p+1〈jβj, bj〉 = 0∑p
j=1〈−η¯αj , bj〉+
∑n
j=p+1〈ηβj, aj〉 = 0
?7$# S!(,!  7",+''(/0 2!+2 〈u, v〉 = 1
2
uv¯+ u¯v
() 2!" )2+/%+7% !"7# (2(+/ *7$%
=
&,2  2!" 7")&'2 ?$''$S 
10+(/
(4.6)1
+/%
(4.6)2
+7" *&7" (# +0(/+75 "K&+2($/)  +/% )&# ) &* S (2!
(4.5)1
+/%
(4.5)2
2$ 0(L" 2S$ ,$#*'"C "K&+2($/)  $/" (/ 2!"
ai
N) +/% $/" (/
2!"
bi
N)   
 !&)
(a, b) ∈ T⊥P (X˜H ∩ (U2 · P )) ⊆ TPSt2,n ⇐⇒


∑
aiα¯i = 0∑
biβ¯i = 0∑
aiβ¯i = 0∑
biα¯i = 0
a1 = . . . = ap = 0
bp+1 = . . . = bn = 0
A T
(4.8)1
+/%
(4.8)2
> ",$#") 27(L (+' S!"/ +))&# (/0
(a, b) ∈ T⊥P X˜H
( "  S!"/
7"K&(7(/0
(4.8)5
+/%
(4.8)6
 
(4.8)3
)$'L") (/
A+,
+/%
(4.8)4
)$'L") (/
B−.
 !"
p
,$/%(2($/)
(4.8)5
)$'L" (/
A−
+/% +,2&+''5 2!"5  ('' (2 +''  +/% 2!"
q
,$/%(2($/)
(4.8)6
)$'L" (/
B+.
6"$#"27(,+''5 2!() # "+/)

%(#
C(A+ ∩ νXH |P ) = q − 1,
%(#
C(A− ∩ νXH |P ) = 0,
%(#
C(B− ∩ νXH |P ) = p− 1,
%(#
C(B+ ∩ νXH |P ) = 0.

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 

 

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
  

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+/% 2!&) 2!" S"(0!2) $? 2!"
H =
+,2($/ $/
νXH |P
+7"
q − 1
{


−1
1 −1






1 −1
−1




p− 1
F$
χ− = p− 1, χ+ = q − 1.
.5

6FTV  2!() # "+/ 2!+2 S!"/
r
,7$))") 2!" S+''
∑p
i=1 ri =
∑n
i=p+1 ri
?7$#
r0 ∈ ∆0 2$ r1∆1 2!" +))$ ,(+2"% )5#*'",2(, K&$2("/2 Mr ,!+/0") >5
>'$S (/0 &* + )&># +/(?$'% $?
Mr0
%( "$#$7*!(, 2$
CPp−2
2$ +
CPq−2=
>&/%'"
?$''$S"% >5 >'$S (/0 %$S/ 2!() %(L ()$7  L("S"% +) +
CPp−2=
>&/%'" $L"7 +
)&># +/(?$'% $?
Mr1
%("$#$7*!(, 2$
CPq−2

 !")" )&># +/(?$'%) S ('' > " ,!+7+,2"7("% (/ 2"7# ) $? # $%&'( )*+,") $?
'$S"7 %(# "/)($/ (/ )",2($/ A - ﬃ

ﬀ



	 ﬁ
  
'"2
W
>" 2!" S+'' $? "K&+2($/
∑
i∈Ip ri =
∑
i∈Iq ri
?$7 0"/"7(, %()

$(/2 (/%"C )&>)"2)
Ip, Iq ⊂ {1, . . . , n} $? ,+7%(/+'(25 p +/% q
7")* ",2(L"'5
p+ q = n.
.5 A ﬃ  2!" +))$ ,(+2"% )&>07$&*
H
2$ 2!() S+'' ()
H = 〈(ε1, . . . , εn)〉
S!"7"
εi =
{
−1 (? i ∈ Ip
1
(?
i ∈ Iq
+/% )$ 2!" S"(0!2) $? 2!"
H =
+,2($/ $/
TPMn×2, P
C"% *$(/2  +7"


ε1 ε1






εn εn

 .
1) >"?$7"  2!() # "+/) 2!+2 &/%"7 2!"
H =
+,2($/ 2!" 2+/0"/2 )*+,"
TPMn×2
0"2 %",$#*$)"% (/2$ 2!" %(7",2 )&# $? )&>)*+,")
A+, A−, B+, B−
)&,! 2!+2
H
+,2) $/
A+
+/%
B+
S (2! S"(0!2 ﬃ  +/% %(#
CA+ =
%(#
CB+ = q; H
+,2)
$/
A−
+/%
B−
S (2! S"(0!2 −1  +/% %(#CA− = %(#CB− = p.
I 9 :
	
ﬁﬁﬀ 
 
 
 

(p, q)
 

 !" )"2 $? C"% *$(/2)
XH
()
XH :=
{
[(a, b)] ∈ St2,n/U2 :
{
ai = 0 ∀i ∈ Iq
bi = 0 ∀i ∈ Ip
}
.
10+(/ 
XH ∩ µ−1(rc) () + )&># +/(?$'% $? 7"+' % (# "/)($/ n − 1 +/% (2 () 2!"
Un1
=
$7>(2 $?
P,
P1 := (δ
pα, δqβ)
S!"7"
δpα
() 2!" ,$'&#/ L",2$7
(δp1α1, . . . , δ
p
nαn)
+/%
δqβ
() 2!" ,$'&#/ L",2$7
(δq1β1, . . . , δ
q
nβn),
S (2!
δpi =
{
1
(?
i ∈ Ip
0
(?
i ∈ Iq.
δqi =
{
0
(?
i ∈ Ip
1
(?
i ∈ Iq.
$S  +70&#"/2) )(# ('+7 2$ 2!" $/") &)"% >"?$7" !$'%  +/% S" ,+/ '(?2
>$2!
XH
2$
X˜H
(/)(%" 2!" F2("?"' # +/(?$'%
St2,n.
 !() '"2 &) ,+',&'+2" 2!"
"K&+2($/) ?$7
T⊥P X˜
H ⊂ TPSt2,n +/% (/ 2!" )+# " S+5  )$ S" 0"2 2!" ?$''$S (/0
,$/%(2($/)

(a, b) ∈ T⊥P X˜H ⇐⇒
{
ai = 0 ∀i ∈ Ip
bi = 0 ∀i ∈ Iq;
(a, b) ∈ TPSt2,n ⇐⇒


∑n
i=1 aiδ
p
i α¯i + a¯iδ
p
i αi = 0∑n
i=1 biδ
q
i β¯i + b¯iδ
q
i βi = 0∑n
i=1 aiδ
q
i β¯i + biδ
p
i α¯i = 0;
(a, b) ∈ T⊥P (U2 · P ) ⇐⇒


∑n
i=1 aiδ
p
i α¯i − a¯iδpi αi = 0∑n
i=1 biδ
q
i β¯i − b¯iδqi βi = 0∑n
i=1 aiδ
q
i β¯i − biδpi α¯i = 0.
 !")" )&# ) &* 2$ 2!" ?$''$S (/0 )5)2"#
(a, b) ∈ T⊥P (X˜H ∩ (U2 · P )) ⊆ TPSt2,n ⇐⇒


∑
aiδ
p
i α¯i = 0∑
biδ
q
i β¯i = 0∑
aiδ
q
i β¯i = 0∑
biδ
p
i α¯i = 0
ai = 0 ∀ i ∈ Ip
bi = 0 ∀ i ∈ Iq.
A V
 
I
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 !" )5)2"# )
(4.9)5
+/%
(4.9)6
)$'L" (/
A−
+/%
B+
7")* ",2(L"'5  !"/
(4.9)5
+/%
(4.9)6
!$'%  2!" "K&+2($/)
(4.9)1
+/%
(4.9)2
+7" 27(L (+''5 L"7("% 
(4.9)3
)$'L") (/
A+
+/%
(4.9)4
)$'L") (/
B−,
2!&) 2!" S"(0!2) $? 2!"
H =
+,2($/
$/
νXH1 |P1
+7"
(p− 1, q − 1) :
q − 1
{


−1
1 −1






1 −1
−1




p− 1
 !() ,+',&'+2($/ *7$L") 2!" ?$''$S (/0

	

ﬁ

I
 9  9  


W
    

 
(p, q)
 
H
   




           




     

 



	  

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ci
0"/"7
=
+2") 2!" ,$!$#$'$05 7(/0
H∗(Mr).
 !"/
Mr
() 2$7(, (2 () S"'' /$S/ 2!+2 2!()
() 2!" ,+)" )"" ?$7 "C+#*'"


&   " +'7"+%5 $>)"7L"% 2!+2 ?$7
n = 4, 5, 6
2!"
2$7(, +,2($/ $? > "/%(/0 +'$/0 + )5)2"# $?
(n− 3) /$/ (/2"7)",2(/0 %(+0$/+')
7"+'("
Mr
+) + 2$7(, # +/(?$'% ?$7
r
N) )&,! 2!+2
Mr
() )#$$2!    !() () /$2 2!"
,+)" ?$7 !(0!"7 %(# "/)($/)  (/ 0"/"7+' '"2
∆
>" 2!" )"2 $? 7"0&'+7 L+'&") $?
µT
(/ 2!" ,$/L"C *$'52$* "
Ξ = µT (X).
 !" ,$//",2"% ,$#*$/"/2)
∆1, . . . ,∆`
$?
∆
+7" 2!"# )"'L") ,$#*'"C *$'52$* ")  +/% >5 B&()2"7# ++2
=

 ",#+/ 2!"
=
$7"# 2!" %("$25* " $? 2!" 7"%&,"% )*+,"
Mr
2!&) +')$ (2) ,$!$#$'$05 7(/0 
%"* "/%) $/'5 $/ 2!" 7"0($/
∆i
S!(,! ,$/2+(/)
r.


 


Mr
  	    

  
 
H∗(Mr,Q)
 
  
 
 


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Mr


	

< R
   G  
      
 
∆i



  	 
Ξ,
 

  


 
 


  


  

 
ﬂ
 !() 7")&'2 "/'(0!2"/ 2!" (#*$72+/," $? 2!" S+'' ,7$))(/0 +/+'5)() S" %(%
(/ ,!+*2"7 A 
 
/ ?+,2  S" /$S 2!+2 ?$7
r0
(/ + "C2"7/+' 7"0($/
∆0
( "  )&,!
2!+2
∆0
,$/2+(/) + L"72"C $?
Ξ
  2!" ,$!$#$'$05 7(/0
H∗(Mr0)
() 0"/"7+2"%
>5 2!"
ci.
 $ *7$L" 2!+2 2!() () 27&" ?$7 "+,! 7"0&'+7 L+'&"
r
S" S ('' )!$S
2!+2 ,7$))(/0 + S+'' !+) 2!" "",2 2$  ('' )$# " 7"'+2($/)  +/% )$ L"75 7$&0!'5
)* "+ (/0  )$# " $? 2!" 0"/"7+2$7) 2!+2 S"7" !(%%"/ +**"+7 
 
/ 8 - S" S ('' )2&%5 !$S 2!" ,$!$#$'$05 7(/0
H∗(Mr)
,!+/0") +)
r
,7$))")
+ (//"7 S+''  >"?$7" 2!+2 '"2 &) ,+',&'+2" 2!" ,$!$#$'$05 7(/0 ?$7 )$# " "C+#
=
*'") (/ 2!" ,+)"
n = 5,
S!"7" S" +'7"+%5 /$S 2!+2
H∗(Mr)
() 0"/"7+2"% >5
2!"
ci.
 
c  c  {kng gjn xgf
 
/ 3 A S" ,+',&'+2"% 2!+2 ?$7
r ∈ ∆0, ∆0 > "(/0 2!" 7"0($/ $? 7"0&'+7 L+'&")
)&,! 2!+2
r0 = (1, 1
2
, 4, 1, 2) ∈ ∆0,
vol(Mr) = 2pi
2(p− 2r3)2
p
>"(/0 2!" C"%  *"7(# "2"7 $? 2!" * $'50$/) (/
Mr,
( " 
p =
∑n
i=1 ri.

7$#
2!" ,$> $7%()# 7")&'2 (2 +')$ ?$''$S ) 2!+2  ?$7
r ∈ ∆0, Mr () ,$>$7%+/2 CP2.
.",+&)"
Mr
() 2$7(,  2!" 0"/"7+2$7) $? 2!" ,$!$#$'$05 7(/0
H∗(Mr)
+7"
c1, . . . , c5,
+/% &)(/0 2!" %"),7(*2($/ 8 ﬃ $? 2!" #&'2(* '(,+2(L" 7"'+2($/) > "2S""/
2!"# S" 0"2

∂2
∂ri∂rj
vol(Mr)
4pi2
= 0
(?
i, j 6= 3 ⇒ cicj = 0 ∀i, j 6= 3
∂2
∂2r3
vol(Mr)
4pi2
= ∂
∂r3
(−2(p− 2r3)) = 4 ⇒ c23 = 4
F$ +'' 2!"
ci
?$7
i = 1, 2, 4, 5
+7" !(%%"/ >5 2!" 7"'+2($/) +>$L"  +/% S" ,+/
,$/,'&%"
H∗(Mr) =
Q[c3]
{c33 = 0}
.
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"2 &) /$S +/+'5" 2!" )",$/% "C+#*'" S" )+S +>$&2 >$2! 2!" ,$> $7%()#
+/% L$'&#" ?$7#&'+)

'"2
r1 = (1
2
, 2, 4, 1, 2),
+/% '"2
p
> " 2!" C"% *"7(# "2"7
+/%
∆1
> " 2!" 7"0($/ $? 7"0&'+7 L+'&") %"2"7# (/"% >5
r1.

7$# 2!" L$'&#" ?$7#&'+ (2 ?$''$S ) 2!+2 ?$7
r ∈ ∆1
volMr
4pi2
= 2r1(p− r1 − 2r3).
 !" $/'5 )",$/% *+72(+' %"7(L+2(L") S!(,! +7" /$2 "7$ +7" ∂2
∂r3∂r1
+/% ∂2
∂2r1
,
)$
cicj = 0
(?
i, j /∈ {1, 3} +/%
∂2
∂r3∂r1
vol(Mr)
4pi2
= 4
∂2
∂2r1
vol(Mr)
4pi2
= −4
}
⇒ c21 + c1c3 = c1(c1 + c3) = 0
S!(,! 0(L") &) 2!" #&'2(*'(,+2(L" 7"'+2($/ >"2S""/ 2!" 0"/"7+2$7)
c1, c1 + c3;
)$  &* 2$ 7"),+'(/0 
H∗(Mr) =
Q[c1, c1 + c3]
{c21 = −1, (c1 + c3)2 = 1, c1(c1 + c3) = 0}
.
        
.5 2!"$7"# A - A  S!"/
r
,7$))") + S+'' $? 25* "
(p, q)
2!" %("$25* " $?
2!" 7"%&,"% # +/(?$'%
Mr
,!+/0") >5 7"*'+,(/0 + ,$*5 $?
CPp−2
(/
Mr
>5 +
CPq−2
>5 #"+/) $? + >'$S
=
&* ?$''$S"% >5 + >'$S
=
%$S/ 
 
/ 2!() )",2($/ S" S ('' )2&%5 !$S 2!" ,$!$#$'$05 7(/0
H∗(Mr)
,!+/0") +)
r
,7$))") + S+''  2!" # +(/ 2$$') 2$ *7$L" $&7 7")&'2 S ('' > " 2!" M+5"7	P ("2$7()
)"K&"/," +/% 2!" 65)(/ )"K&"/,"  ?$7 S!(,! S" 7"?"7 2$

.   2$0"2!"7 S (2!
2!" %",$#*$)(2($/ 2!"$7"# +) *7")"/2"% (/

..B  +/%

EM@8 
F&**$)"
r
,7$))") + S+'' $? 25* "
(p, q),
'"2
M
>" 2!" #$%&'( )*+," $?
*$'50$/) > "?$7" 2!" S+'' ,7$))(/0 +/%
M ′
> " 2!" #$%&'( )*+," $? *$'50$/)
+?2"7 2!" S+'' ,7$))(/0 

 
-8
ﬂ
$2" 2!+2  >",+&)" 2!" %("$25* " $? 2!" #$%&'( )*+,"
Mr
%"
=
* "/%) $/'5 $/ 2!" 7"0($/ $? 7"0&'+7 L+'&")
∆i
S!(,! ,$/2+(/)
r,
(/ 2!" )2&%5
$? 2!" ,$!$#$'$05 7(/0 )27&,2&7" 2!"7" () /$ '$)2 $? (/?$7# +2($/) (/ ?$70"2
=
2(/0 2!" '"/02! L",2$7
r
+/% ""*(/0 27+,

&)2 $? 2!" 7"0&'+7 L+'&") N 7"0($/ 
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Mr
M$7"$L"7  2!" 25* " $? 2!" S+'' +'7"+%5 %"2"7# (/" 2!" S+'' ,7$))(/0 %(7",2($/
?7$#
∆0
)"" A - 2$
∆1
)"" A 3  2!&)
M ' Mr0 ?$7 +'' r0 ∈ ∆0 +/%
M ′ 'Mr1 ?$7 +'' r1 ∈ ∆1.
"2 &) C )$# " /$2+2($/

V = NεCP
p−2 =
2&>&'+7 /"(0!2>$7!$$% $?
CPq−2 ⊂M
V ′ = NεCPq−2 =
2&>&'+7 /"(0!2>$7!$$% $?
CPp−2 ⊂M ′
U = M \ CPp−2
U ′ = M ′ \ CPq−2.
.5 2!" S+''
=
,7$))(/0 2!"$7"# A - A 
U = U ′
+/%
U ∩ V = U ′ ∩ V ′ := Sε.  !"
M+5"7	P("2$7() )"K&"/,") ?$7 2!" # +/(?$'%)
M
+/%
M ′
+7"

. . .→ Hk−1(Sε)→ Hk(M)→ Hk(U)⊕Hk(V )→ Hk(Sε)→ . . .
. . .→ Hk−1(Sε)→ Hk(M ′)→ Hk(U ′)⊕Hk(V ′)→ Hk(Sε)→ . . .
.",+&)"
Hk(U) = Hk(U ′)
2!" ,!+/0" (/ 2!" ,$!$#$'$05 7(/0 )27&,2&7"
() "/,'$)" (/ !$S
Hk(V ′)
+/%
Hk(V )
#+* (/2$
Hk(Sε).
 !")" # +* S ('' > "
>7$&0!2 (/2$ 2!" '(0!2 (/ 2!" *7$$? 2!" /"C2 *7$* $)(2($/ 
 	

ﬁ
 R
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H∗(Sε) = H∗(CP 

(p,q)−2)⊗H∗(S2 (p,q)−3)



ﬂ
.5 ,$/)27&,2($/ 
NεCP
p−2 () 2!" 2$2+' )*+," $? + >7+2($/ (/ %())
$L"7
CPp−2,
+/%
Sε
() 2!" 2$2+' )*+," $? 2!" +))$,(+2"% >7+2($/ (/ )*!"7")

NεCP
p−2
D2q−2

Sε
S2q−3

⇒
CPp−2 CPp−2
 !" >7+2($/ (/ )*!"7")
pi : Sε
S2q−3
//CPp−2
(/%&," 2!" ?$''$S (/0 65)(/
)"K&"/,"
// Hk(CPp−2) pi
∗
// Hk(Sε)
pi∗
// Hk−(2q−3)(CPp−2) ∧e // Hk+1(CPp−2) //
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S!"7"
pi∗
() 2!" # +* (/%&,"% (/ ,$!$#$'$05 >5 2!" *7$

",2($/ # +*
pi, pi∗
()
2!" (/2"07+2($/ +'$/0 2!" > "7) +/% ∧e () 2!" S"%0" *7$%&,2 S (2! 2!" J&'"7
,'+)) 
O",+'' 2!+2
Hk(CPp−2) =
{
Q
(?
k = 0, 2, . . . , 2(p− 2)
0
$2!"7S ()"
,
+/% )&**$)" 2!+2
q ≥ p, 2!"/ 2!"  7)2 >(2 $? 2!" 65)(/ # +* ()
Q
pi∗
// H0(Sε)
pi∗
// 0
∧e
// Q
pi∗
// H2(Sε)
pi∗
// 0
∧e
//
∧e
// 0
pi∗
// H3(Sε)
pi∗
// 0 // . . .
2(''
k = 2p − 2 (/ ?+,2 ?$7 +'' 0 ≤ k ≤ 2q − 3, Hk−(2q−3)(CP2) ' 0 ?$7
%(# "/)($/+' 7"+)$/)  ( " 
k − 2q − 3 ≤ 0  F$
Hk(Sε) ' Hk(CPp−2) ∀0 ≤ k ≤ 2(p− 2).
12
k = 2q − 3 2!" 65)(/ )"K&"/," 0$ ") +) ?$''$S 
0
pi∗
// H2q−3(Sε)
pi∗
// Q
∧e
// 0
pi∗
// H2q−3(Sε)
pi∗
// 0
∧e
//
∧e
// 0
pi∗
// H2q−1(Sε)
pi∗
// Q
∧e
// 0 // . . .
2$ ,!", 2!() )",$/% >(2 $? 2!" 65)(/ )"K&"/," 2!" $/'5 2!(/0 2$ ""* (/ # (/%
() 2!+2
Hk(CPp−2) ' 0 ∀k ≥ 2q−3, (/ ?+,2 k ≥ 2q−3 ≥ 2p−3 > 2(p−2) 

>)"7L(/0 2!+2
k − 2q + 3 = 2(p− 2) ⇐⇒ k = 2(p+ q)− 7,
Hk(Sε) ' Hk−(2q−3)(CPp−2) ∀2q − 3 ≤ k ≤ 2n− 7.
Hk(Sε) ' 0 ∀ k : 2(p− 2) < k < 2q − 3, k ≥ 2n− 6.
F$  &/%"7 2!" +))&#*2($/
q ≥ p S" *7$L"%
H∗(Sε) = H∗(CPp−2)⊗H∗(S2q−3);
(2 () "+)5 2$ ,!", 2!+2 (? S" +))&# "
p ≥ q 2!"/ p +/% q "C,!+/0" 7$'"  +/%
2!" 7")&'2 ?$''$S 
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Mr
.",+&)"
V
7"27+,2) $/
CPp−2, H∗(V ) = H∗(CPp−2);
)(# ('+7'5
H∗(V ′) =
H∗(CPq−2),
+/% S" !+L" +'' 2!" (/07"%("/2) 2$ S 7(2" 2!" M+5"7	P ("2$7() )"
=
K&"/,") ?$7
M
+/%
M ′ :
H0(M)→ H0(U)⊕Q→ Q→ H1(M)→ H1(U)⊕ 0→ 0→
→ H2(M)→ H2(U)⊕Q→ Q→
+/%
H0(M ′)→ H0(U ′)⊕Q→ Q→ H1(M ′)→ H1(U ′)⊕ 0→ 0→
→ H2(M ′)→ H2(U ′)⊕Q→ Q→
)$  2('' 2!" %"07""
2(p− 2), 2!" 2S$ )"K&"/,") +>$L" +7" 2!" )+# "  2!&)
Hk(M) = Hk(M ′) 0 ≤ k ≤ 2(p− 2).
12
2(p− 2) + 1 2!" M+5"7	P("2$7() )"K&"/,") $? 2!" # +/(?$'%) $? M +/% M ′
+7"

→ H2p−3(M)→ H2p−3(U)⊕ 0→ 0→ H2p−2(M)→ H2p−2(U)⊕ 0→ 0→
→ H2p−3(M ′)→ H2p−3(U ′)⊕0→ 0→ H2p−2(M ′)→ H2p−2(U ′)⊕Q→ 0→
+/%  2('' 2!" %"07""
2q−3 2!" 2S$ )"K&"/,") %("7 >5 2!" ?+,2 2!+2 Hk(V ′) = Q
?$7
k
"L"/ 
2p− 3 ≤ k ≤ 2q − 3, +/% Hk(V ) ' 0.  !&)
%(#
(Hk(M ′)) =
%(#
(Hk(M)) + 1
(?
k
"L"/
, 2p− 3 ≤ k ≤ 2q − 3
Hk(M ′) = Hk(M) = 0
?$7
k
$%%
.
12
2q − 3 2!" M+5"7	P ("2$7() )"K&"/,") ?$7 M +/% M ′ +7"
→ H2q−3(M)→ H2q−3(U)⊕ 0→ 0→ H2q−2(M)→ H2q−2(U)⊕ 0→ 0→
→ H2q−3(M ′)→ H2q−3(U ′)⊕ 0→ 0→ H2q−2(M ′)→ H2q−2(U ′)⊕ 0→ 0→
+/% )$ +0+(/ 

&)2 +) ?$7
0 ≤ k ≤ 2(p− 2) +7"
Hk(M ′) ' Hk(M) k ≥ 2q − 3.
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p ≥ q 2!" )+# " +70&#"/2) !$'%)  &)2 "C,!+/0(/0 2!" 7$'") $? p +/% q,
)$

Hk(M ′) = Hk(M) = 0
(?
k
() $%%
;
Hk(M ′) = Hk(M)
{
0 ≤ k ≤ 2(#(/(p, q)− 2),
k ≥ 2#+C(p, q)− 3;
%(#
(Hk(M ′)) =
%(#
(Hk(M)) + 1
{
k
"L"/
,
2
#(/
(p, q)− 3 ≤ k ≤ 2#+C(p, q)− 3.
 !() ,+',&'+2($/  %$/" &)(/0 2!" M+5"7	P ("2$7() )"K&"/,") $? 2!" # +
=
/(?$'%)
M
+/%
M ′,
2"'') &) (/ S!(,! %"07"" 2!" ,$!$#$'$05 07$&*) $? 2!"
)5#*'",2(, K&$2("/2
Mr
,!+/0" +)
r
,7$))") + S+'' $? 25* "
(p, q).
JL"/ 2!$&0! (2 () K&(2" /+2&7+'
=
>5 2!" ,$/)27&,2($/
=
2$ "C*",2 2!+2 2!"
/"S >$7/ ,$!$#$'$0(,+' ,'+))") +7" *$'5/$# (+' (/ 2!" ,'+)) $? 2!" >'$S/
&* # +/(?$'%
CPq−2,
2!() ,+',&'+2($/ %$") /$2 0(L" &) )&,! *7",()" (/?$7# +
=
2($/)  " &)" 2!" %",$#*$)(2($/ 2!"$7"# %&" 2$ ."('(/)$/	."7/)2"(/	B"'(0/"

..B  2$ (%"/2(?5 *7",()"'5 2!" /"S >$7/ ,'+))") 2!+2 (/,7"+)" 2!" %(# "/)($/
$? 2!" ,$!$#$'$05 07$&*) $? # (%%'" %"07"") 
"2
f : X → Y >" + #+* $? +'0">7+(, # +/(?$'%) ( "  # +/(?$'%) S!(,! +7"
2!" )"2 $? ,$##$/ "7$) $? + /(2" /&#>"7 $? *$'5/$# (+') 

$7 "+,!
k > 0,
'"2
Yk = {y ∈ Y : %(#(f−1(y)) ≥ k}. 8 A 



 R
   
f
()
   ⇐⇒ %(#Yk + 2k < %(#X; 8 8
f
()
 

   ⇐⇒ %(#Yk + 2k ≤ %(#X. 8 U
"2
rc ∈ W > " + *$(/2 $? S+''=,7$))(/0 > "2S""/ ∆0 +/% ∆1, +/% '"2 Mrc
2!" )(/0&'+7 )5#*'",2(, K&$2("/2 +))$,(+2"% 2$
rc.
"2
f
>" 2!" (/L"7)" $? 2!"
7")$'&2($/ (/
M
$? 2!" )(/0&'+7(25 (/
Mrc ,
+/% '"2
f ′
>" 2!" (/L"7)" $? (2)
7")$'&2($/ (/
M ′,
( " 
M
f
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′
f ′
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+/% ∃ ys ∈Mrc )&,! 2!+2 (f−1(ys)) = CPp−2 +/% ((f ′)−1(ys)) = CPq−2.
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
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      
f

f ′ 
   
ﬂ


ﬂ
1))&#"
q > p,
2!"/
• f () )# +''  (/ ?+,2 Yk = {ys} ∀1 ≤ k ≤ 2(p− 2) +/% 2!" >(00")2 $? 2!"
(/"K&+'(2(") 8 8 ( "  ,$77")*$/%(/0 2$
k = 2(p− 2) () L"7("%  (/ ?+,2
(2 ()
4(p− 2) < 2(n− 3) ⇐⇒ 4p− 8 < 2p+ 2q − 6 ⇐⇒ p− 1 < q.
• f ′ () /$2 )"# (=)# +'' 2!&) "L"/ /$2 )# +''  (/ ?+,2 +0+(/ Yk = {y ∈ Y :
%(#
((f−1)−1(y)) ≥ k} = {ys} +/% 2!" >(00")2 $? 2!" (/"K&+'(2(") 8 U
()
4(q − 2) ≤ 2(n− 3) ⇐⇒ q − 1 ≤ p,
S!(,! () ?+')" 
 
?
p > q,
2!"/
f ′
() )# +'' +/%
f
() /$2 )"# (
=
)# +''  $2" 2!+2 (?
p = q
2!"/
>$2!
f
+/%
f ′
+7" )# +'' 
F&**$)" 2!+2
f : M →Mrc () )# +''  2!"/
H∗(M) = IH∗(Mrc),
S!"7"
IH∗(Mrc)
() 2!" (/2"7)",2($/ ,$!$#$'$05 $? 2!" )(/0&'+7 # +/(?$'%
Mrc ,
)"" 2!" )&7L"5 *+* "7 >5 M  %" E+2+'%$ +/%   M (0'($7(/ (

EM  
" )2+2" 2!" %",$#*$)(2($/ 2!"$7"#

&)2 ?$7 2!" )* ",(+' )(2&+2($/ $?
f
+/%
f ′
7")$'&2($/ $? 2!" )(/0&'+7(25 ,$77")* $/%(/0 2$ 2!" '(/"% *$'50$/ (/
Mrc .

$7 2!" )2+2"# "/2 (/ ?&'' 0"/"7+'(25 *7$$?) +/% #$7" %"2+(') S" 7"?"7 2$
2!" $7(0(/+' *+*"7 >5 ."('(/)$/	."7/)2"(/	B"'(0/"

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